Chapter 1

Differentiation
Exercise Set 1.1

1. We solve the equation:
-3x=6
x=-2
Therefore, As x approaches -2, the value of
—3x approaches 6 .

2. Asxapproaches 7, the value of x—2
approaches 5.

3.  The notation lim f (x) is read “the limit, as x
x—4

approaches 4, of f (x).”

4.  The notation lim g (x) is read “the limit, as x
x—1

]

approaches 1, of g(x).”

5. Thenotation lim F (x) is read “the limit, as x
x—5

approaches 5 from the left, of 7 (x).”

6. The notation lim G(x)is read “the limit, as x
x—4t

approaches 4 from the right, of G (x).”

7. The notation lim is read “the limit, as x
x—2*

approaches 2 from the right.”

8. The notation lim is read “the limit, as x
x—3"

approaches 3 from the left.”

9. The notation lim is read “’the limit, as x
x—5

approaches 5.”
10. The notation liml is read "the limit, as x
X3

1
approaches - .

11. a) Asinputs x approach 3 from the left, outputs
f (x) approach 1. That is,

lim f(x)=1.

x—3

b) As inputs x approach 3 from the right,

12.

13.

14.

¢)

b)

b)

b)

outputs f(x) approach 2. Thus the limit

from the right is 2. That is,
lim f(x)=2.

x—3"

From part (a) and part(b) we know that

lim (x) =1 and lim f(x) =2 . Since the
x—3"

x—3
limit from the left, 1, is not the same as the

limit from the right, 2, lirr; f(x) does not
X—>

exist.

As inputs x approach —1 from the left,
outputs f (x) approach —3. Thus the limit
from the left is —3. That is,

lim f (x) =-3.

x—-1"
As inputs x approach —1 from the right,
outputs f(x) approach —3.That is,
lim f(x)=-3.
x—-1"
From part (a) and part (b) we know that
lim f(x)=-3and lim f(x)=-3. Since
x—=-1" x—-1"
the limit from the left, —3, is the same as
the limit from the right, lirr; Sf(x)=-3.
x—

As inputs x approach —2 from the left,

outputs g(x) approach 4. Thus the limit

from the left is 4. That is, lim g(x)=4.
x—-2"

As inputs x approach -2 from the right,

outputs g(x) approach 2. Thus the limit

from the right is 2. That is, lim g(x)=2.
x—-2"

From part (a) and part (b) we know that
lim g(x)=4and lim g(x)=2. Since the
x—-2" x—-2*

limit from the left, 4, is not the same as the
limit from the right, 2, lim g (x)does not
x—>-2

exist.

As inputs x approach 4 from the left,
outputs g(x) approach —1. Thus the limit

from the leftis —1. Thatis, lim g(x)=-1.
x—4"

As inputs x approach 4 from the right,
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15.

16.

17.

18.

19.

outputs g(x) approach —1. Thus the limit
from the right is —1. That is,

lim g (x) =-1.

x—4"

¢) Since the limit from the left, —1, is the same

as the limit from the right, —1, we have
limg (x) =-1.

x—4

As inputs x approach 2 from the left, outputs
F (x) approach 4. Thus the limit from the left
is 4. That is, lim F (x)=4. As inputs x

x—2"

approach 2 from the right, outputs F (x)

approach 4. Thus the limit from the right is 4.
That is, lim F(x) =4,

x—2"
Since the limit from the left, 4, is the same as
the limit from the right, 4, we have

lim F(x)=4.

x—2

We have, lim F(x)=5and lim F(x)=5.

x—-3" x—-3"

Therefore, lim F(x) =5.

x—-3

As inputs x approach —5 from the left, outputs
F (x) approach 0. Thus the limit from the left
is 0. That is, lim F(x)=0.

x—=5
As inputs x approach -5 from the right,
outputs F (x) approach 0. Thus the limit from

the right is 0. That is, lim F(x)=0.

x—-5%
Since the limit from the left, 0, is the same as
the limit from the right, 0, we have

lim F(x)zO.

x—-=5

We have, lim F(x)=4and lim F(x)=2.

x—-2" x—-2*

Therefore, lim F(x) does not exist.
x—-2

As inputs x approach 6 from the left, outputs
F (x) approach 0. Thus the limit from the left

is 0. That is, lim F(x)=0.

x—6"
As inputs x approach 6 from the right, outputs
F (x) approach 0. Thus the limit from the right
is 0. That is, lim F(x)=0.

x—6"

20.

21.

22,

23.

24.

25.

26.

27.

Chapter 1 Differentiation

Since the limit from the left, 0, is the same as
the limit from the right, 0, we have

lim F(x)=0.

x—6

We have, lim F(x) =2 and lim F(x) =2.

x—4" x—4"

Therefore, lim F (x)=2.
x—4

As inputs x approach —2 from the left, outputs
F (x) approach 4. Thus the limit from the left
is 4. Thatis, lim F(x)=4.

x—-2"

As inputs x approach —2 from the right, outputs
F (x) approach 2. Thus the limit from the right
is 2. Thatis, lim F(x)=2.

x—-2"

As inputs x approach 0 from the left, outputs
G(x) approach 3. Thus the limit from the left
is 3. That is, lim G(x)=3.

x—0
As inputs x approach 0 from the right, outputs
G(x) approach 3. Thus the limit from the right

is 3. That is lim G(x) =3.
x—0"
Since the limit from the left, 3, is the same as

the limit from the right, 3, we have
lim G (x) =3.

x—0

Wehave lim G(x)=1and lim G(x)=1.

x—-2" x—-2"

Therefore, lim G(x) =1.

x—=2

As inputs x approach 1 from the right, outputs
G (x) approach —1 . Thus the limit from the

right is —1 . That is, ILHR* G(x) =-1

As inputs x approach 1 from the left, outputs
G (x) approach 4. Thus the limit from the left

is 4. That is, lim G(x)=4.
x—1"

As inputs x approach 1 from the left, outputs
G (x) approach 4. Thus the limit from the left
is 4. That is, lim G(x)=4.

x—1"
The solution is continued on the next page.
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28.

29.

30.

31.

32.

33.

Exercise Set 1.1

As inputs x approach 1 from the right, outputs
G(x) approach —1. Thus the limit from the
rightis —1. That is, lim G(x)=-1.

x—1t
Since the limit from the left, 4, is not the same
as the limit from the right,—1, we have

IimG (x) does not exist.
x—1

As inputs x approach 3 from the left, outputs
G (x) approach 0. Thus the limit from the left
is 0. That is, lim G(x)=0

x—3

As inputs x approach 3 from the left, outputs
G(x) approach 0. Thus the limit from the left

is 0. That is, lim G(x) =0.
x—3"

As inputs x approach 3 from the right, outputs
G (x) approach 0 . Thus the limit from the right

is 0. That is, lim G(x)=0.
x—3"

Since the limit from the left, 0, is the same as
the limit from the right, 0, we have
lim G (x) =0.

x—3

As inputs x approach 3 from the right, outputs
G(x) approach 0. Thus the limit from the right

is 0. That is, lim G(x) =0.
x—3"

As inputs x approach 2 from the left, outputs
H (x) approach 1. Thus the limit from the left
is 1. Thatis, lim H(x) =1

x—-2"

We have lim H(x)=0and lim H(x)=0.

x—-3" x—-3*

Therefore, lim H (x) =0.

x—-3

As inputs x approach 2 from the left, outputs
H (x) approach 1. Thus the limit from the left
is 1. That is, lim_H(x) =1.

x—-2
As inputs x approach 2 from the right, outputs
H (x) approach 1. Thus the limit from the right
is 1. Thatis, lim H(x) =1.

x—-2*
Since the limit from the left, 1, is the same as
the limit from the right, 1, we have

lim H (x) =1.

x—-2

34.

35.

36.

37.

38.

39.

40.

75

As inputs x approach -2 from the right, outputs
H (x) approach 1. Thus the limit from the right
is 1. Thatis, lim H(x)=1.

x—-2"

As inputs x approach 1 from the right, outputs
H (x) approach 2. Thus the limit from the right
is 2. Thatis, lim H(x)=2.

x——1*

As inputs x approach 1 from the left, outputs
H (x) approach 4. Thus the limit from the left
is 4. That is, lim H (x)=4.

x—1

As inputs x approach 1 from the left, outputs
H (x) approach 4. Thus the limit from the left
is 4. That is, lim H (x)=4.

x—=1
As inputs x approach 1 from the right, outputs
H (x)approach 2 . Thus the limit from the right
is 2. Thatis, lim H(x) =2.

x—l1*
Since the limit from the left, 4, is not the same
as the limit from the right, 2 , we have

lim H (x) does not exist.
x—l1

As inputs x approach 3 from the left, outputs
H (x) approach 1. Thus the limit from the left
is 1. That is, lim H (x)=1.

x—3"

As inputs x approach 3 from the left, outputs
H (x) approach 1. Thus the limit from the left

is 1. That is, lim H (x)=1.
x—3"

As inputs x approach 3 from the right, outputs
H (x)approach 1. Thus the limit from the right
is 1. That is, lim H(x) =1.

x—3"
Since the limit from the left, 1, is the same as
the limit from the right, 1, we have
limH(x)=1.
lim 7 (x)
As inputs x approach 3 from the right, outputs
H (x)approach 1. Thus the limit from the right

is 1. That is,
lim H(x) =1.

x—3"
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41.

42.

43.

44.

45.

As inputs x approach 2 from the left, outputs
f (x) approach —1 . Thus the limit from the

leftis —1 . Thatis, lim f(x)=-1.
x—2"

As inputs x approach 2 from the right, outputs
/ (x) approach —1. Thus the limit from the

right is —1 . That is, li_)1121+f(x) =-1.
X

Since the limit from the left, —1, is the same as
the limit from the right, —1, we have

lim £ (x)=~1.

We have lim f(x)=1land lim f(x)=1.
x—-1"

x—-1"

Therefore, lim f(x)=1.
x——1

As inputs x approach 0 from the left, outputs
f (x) approach 2. Thus the limit from the left

is 2. Thatis lim f(x)=2.
x—0"

As inputs x approach 0 from the right, outputs
f (x) approach 2. Thus the limit from the right

is 2. Thatis, lim f(x): 2.
x—0*

Since the limit from the left, 2, is the same as
the limit from the right, 2, we have

lim £ (x)=2.

As inputs x approach -3 from the left, outputs
f (x) increase without bound. We say that the

limit from the left is infinity. That is

lim £ (x)=oo.

x—-3"
As inputs x approach -3 from the right, outputs
f (x) decrease without bound. We say that limit

from the right is negative infinity. That is,
lim f(x)=—co.

x—-3"

Since the function values as x — 3 from the left
increase without bound, and the function values
as x — 3 from the right decrease without
bound, the limit does not exist. We have,

lim f (x) does not exist.
x—=3

As inputs x approach 1from the left, outputs
f (x) increase without bound. We say that the
limit from the left is infinity. That is

lim f(x)=c><>.

x—1

46.

47.

48.

49.

50.

51.

Chapter 1 Differentiation

As inputs x approach 1 from the right, outputs
f (x) decrease without bound. We say that limit
from the right is negative infinity. That is,

lim f (x) =—o0,

x—1*
Since the function values as x — 1 from the left
increase without bound, and the function values
as x — 1 from the right decrease without
bound, the limit does not exist. We have,
limf(x) does not exist.

x—1

We have lim f(x) =0and lim f(x) =0.
x—=3" x—3"

Therefore, lim /(x)=0.
x—3

As inputs x approach 2 from the left, outputs
f (x) approach 0 . Thus the limit from the left

is 0. Thatis lim f(x)=0.
x—-2"

As inputs x approach 2 from the right, outputs
f (x) approach 0 . Thus the limit from the

right is 0. That is, Err;f(x) =0.
e

Since the limit from the left, 0, is the same as
the limit from the right, 0, we have

xli_)rr_lzf(x) =0.

Wehave lim f(x)=3and lim f(x)=3.
x——4*

x——4"

Therefore, lim f (x) =3.
x——4

As inputs x get more and more negative, output
£ (x) get closer and closer to 2. lim f(x)=2.

X—>—o0
As inputs x get larger and larger, outputs f (x)

get closer and closer to 1. We have
lim f (x) =1.
X—>oo
Defining f (x) = |x|as a piecewise defined
function we have:
-x, x<0
f(x)—{ x, x=0.

We graph the function by creating an input-
output table.

X -2 -1 0 1 2

f(x) | 2 1 0 1 2

The solution is continued on the next page.
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Exercise Set 1.1

Next, we plot the points from the table on the
previous page and draw the graph.

fx) =1x|

oW b b2
T T T T T

As inputs x approach 0 from the left, outputs
f (x) approach 0. We have,

lim f (x) =0.
x—0"
As inputs x approach 0 from the right, outputs
f (x) approach 0. We have,

lim f (x) =0

x—0"
Since the limit from the left is the same as the
limit from the right, we have

lim £ (x)=0.

Find lim f(x)
x—=2

As inputs x approach -2 from the left, outputs
f(x) approach 2. We have,

lim f(x)=2.
x—==2"
As inputs x approach -2 from the right, outputs
f (x) approach 2. We have,

lim f(x)=2
x—-2"

Since the limit from the left is the same as the
limit from the right, we have

lim f(x)=2.

f(x) x?

fe=x*

T T T T T T T 171

| N I |
[12345%

Find lim f(x)
x—-1

Wehave lim f(x)=1land lim f(x)=1.
x—-1*

x—-1"

Therefore, lim f(x)=1.
x—-1

53.

77

Find jlclgg)f(x).

We have lim f(x)=0and lim f(x)=0.
x—0*

x—0"

Therefore, lim f(x)=0.
x—0

g (x) =x*-5
We graph the function by creating an input-
output table.

X -2 -1 0 1

gx) | 1| 4 | 5[ 4]

Next, we plot the points from the table and draw

the graph.
_/ EER
L/ g =x>-5

Find )lclir})g(x)

As inputs x approach 0 from the left, outputs
g(x) approach —5. We have,
lim g (x) =-5.

x—=0"
As inputs x approach 0 from the right, outputs
g(x) approach —5. We have,

lim g (x) =5

x—0"
Since the limit from the left is the same as the
limit from the right, we have

limg(x)=-5.
x—0
Find lim g(x).
x—-1
As inputs x approach —1 from the left, outputs
g(x) approach—4 . We have,
lim g (x) =—4.

x—-1"

As inputs x approach —1 from the right, outputs
g(x) approach —4 . We have,

lim g(x)=-4
x—-1"

Since the limit from the left is the same as the
limit from the right, we have

Xlinjl g (x) =—4.
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Find lim g(x).
x—-3
Wehave lim g(x)=4and lim g(x)=4.
x—-3" x—-3"

Therefore, lim g(x)=4.
x—=3

Find limg(x).
x—=0
We have lim g(x)=1and lim g(x)=1.
x—0" x—0"

Therefore, lim g(x) =1.
x—0

1

x+2

Since x = —2 makes the denominator zero, we
exclude the value —2 from the domain.
Creating an input-output table we have

G(x)=

X 4| 3| 21| -19| -1 0

G(x) | -1 1| -10[10 |1

1
2

=

Next we plot the points and draw the graph.

=

123x

Find lim G(x) .

x—-1
As inputs x approach —1 from the left, outputs
G (x) approach 1. We have, lim G(x)=1.

x—-1"
As inputs x approach —1 from the right,
outputs G (x) approach 1. We have,
lim G(x) =1. Since the limit from the left is
x—-1"
the same as the limit from the right, we have
lim G(x) =1.

x—-1

56.

57.

Chapter 1 Differentiation

Find lim G (x)
x—-2

As inputs x approach -2 from the left, outputs
G (x) decrease without bound . We have,

lim G (x) =—oo
x—-2
As inputs x approach -2 from the right, outputs
G (x) increase without bound. We have,

Iim G (x) =00,
x—-2"
Since the function values as x — -2 from the
left decrease without bound, and the function
values as x — —2 from the right increase
without bound, the limit does not exist. We

have, lim G(x) does not exist.
P

i
—-2

Find lim F(x).

x—3

We have lim F(x) =—cocand lim F(x) = oo,

x—3 x—3*

Therefore, lim F(x) does not exist.
x—3

Find limF(x).
x—4

We have lim F(x)=1and lim F(x)=1

x—4" x—4"

Therefore, lim F(x)=1.
x—4

f(x):%—z

Since x = 0 makes the denominator zero, we
exclude the value 0 from the domain. Creating
an input-output table we have

-1 -0.5 | -0.1 0.1 0.5 1

fx) 3 4| -2 8

0 -1

The solution is continued on the next page.
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Exercise Set 1.1

Next we plot the points from the table on the
previous page and draw the graph.

y

Find lim f(x)

X—00
As inputs x get larger and larger, outputs
£ (x) get closer and closer to —2. We have
lim f (x) =-2.

X—00

Find lim f(x).

x—0
As inputs x approach 0 from the left, outputs
f(x) decrease without bound. We have,

lim f(x) = —oo,

x—0"
As inputs x approach 0 from the right, outputs
f (x) increase without bound. We have,

lim f (x) = oo,

x—0*
Since the function values as x — 0 from the left
decrease without bound, and the function values
as x — 0 from the right increase without
bound, the limit does not exist. We have,

lim f (x) does not exist.
x—0

+
W

~

—
=

N—
I

—_
W b Ul N = |

S

i

111
—5-4-3-2-1

Find lim f(x).

X—00
As inputs x get larger and larger, outputs
f (x) get closer and closer to 3. We have

linolof(x)=3.

Find lim f (x).

x—0
As inputs x approach 0 from the left, outputs
f (x) decrease without bound. We have,

59.

79

lim f(x)=—oo.

x—0"
As inputs x approach 0 from the right, outputs
f (x) increase without bound. We have,

lim f (x) =oo

x—0"
Since the function values as x — 0 from the left
decrease without bound, and the function values
as x — 0 from the right increase without
bound, the limit does not exist. We have,

lim f (x) does not exist.
x—0

1
g(x)=;+2

Since x = 3 makes the denominator zero, we
exclude the value 3 from the domain. Creating
an input-output table we have

1 12 ]125(29]31]35]4

gy [2 [ 1o =243

ST NIV

Next we plot the points and draw the graph.

| T I |
—2—1_1_1 213456 7 8 x
—=2r = ——+2

3k

Htw-&mm\lk

Find lim g(x) .
X—>00
As inputs x get larger and larger, outputs
g(x) get closer and closer to 2. We have
lim g (x) =2.

x—00

Find limg(x) .

x—3

As inputs x approach 3 from the left, outputs
g(x) decrease without bound. We have,

lim g (x) =—oo,
x—3"
As inputs x approach 3 from the right, outputs
g(x) increase without bound. We have,

lim g(x)=-co.

x—3"
Since the function values as x — 3 from the left
decrease without bound, and the function values
as x — 3 from the right increase without
bound, the limit does not exist. We have,

limg (x) does not exist.
x—3
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61.

é&j
oW
f\ll T T 7T

|
—

T
—
o
whk
=

Find lim g(x).

X—>00
As inputs x get larger and larger, outputs
g(x) get closer and closer to 4. We have

lim g(x) =4.
X—00

Find lim g(x) .
x—-2

As inputs x approach -2 from the left, outputs
g(x) decrease without bound. We have,

lim g(x)=—co.
x—-2"
As inputs x approach -2 from the right, outputs
g(x) increase without bound. We have,

lim g (x) =oo.

x—-2"
Since the function values as x — 2 from the left
decrease without bound, and the function values
as x — 2 from the right increase without
bound, the limit does not exist. We have,

lim g(x) does not exist.
x—-2

2x+1, forx<l1
X, forx>1.

F(x)={

We create an input-output table for each piece
of the function.

For x<1
X -1 0 0.9

We plot the points and draw the graph. Notice
we draw an open circle at the point (1, 3) to
indicate that the point is not part of the graph.
For x=>1

X 1 2 3
We plot the points and draw the graph at the top
of the next column. Notice we draw a solid
circle at the point (1,1) to indicate that the point

is part of the graph.

Chapter 1 Differentiation

Find lim F(x) .
x—=1"
As inputs x approach 1 from the left, outputs
F(x) approach 3. That is,
lim F (x) =3.

x—1"

Find lim F(x) .

x—1*
As inputs x approach 1 from the right, outputs
F (x) approach 1. That is,
lim F (x) =1.

x—l*

Find limF(x) .

x—1
Since the limit from the left, 3, is not the same
as the limit from the right, 1, we have
lim F (x) does not exist.
x—1

-x+3, forx<?2
62. G(x)=
x+1, for x > 2.
Y.
ob
i
ok
M
\
3
11 I%¥:GI | T -
_3_2_1—L—1 234567 «x
_2_
We have lim G(x)=1and lim G(x)=3.
x—2" x—=2"
Therefore, 1irr5G(x) does not exist.
X
63 ( )_ —x+4, forx<3
- & x-3, forx>3.
We create an input-output table for each piece
of the function.
For x<3
x 0 1 2 2.9
g(x) 4 3 2 1.1

The solution is continued on the next page.
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Exercise Set 1.1

We plot the points from the table on the
previous page and draw the graph. Notice we
draw an open circle at the point (3,1) to indicate

that the point is not part of the graph.
For x>3

X 3.1 4 5 6

81

2 (x) 0.1 1 2 3

64.

We plot the points and draw the graph. Notice
we draw an open circle at the point (3,0) to

indicate that the point is not part of the graph.

N

11 I B
1234567 8x

Hth.ycf:iqk
T

1 1
2-1,[
_2,
IE

Find lim g(x).
x—3"
As inputs x approach 3 from the left, outputs
g(x) approach 1. That s,
lim g (x) =1.
x—3"
Find lim g(x).
x—3*
As inputs x approach 3 from the right, outputs
g(x) approach 0. That is,

lim g(x) =0.
x—3*
Find limg(x)
x—3

Since the limit from the left, 1, is not the same
as the limit from the right, 0, we have

lim g(x) does not exist.
x—=3

forx <1

OR {3x_4’

x—-2, forx >1.

73
We have lim f(x)=-land lim f(x)=-1.
x—1*

x—1"

Therefore, lim f(x)=-1.

x—1

-2x-3, forx<-1
65. F (x) =1,
X, for x > —1.
We create an input-output table for each piece
of the function.
For x<-1
X -3 -2 -1.1
F(x) 3 1 —0.8
We plot the points and draw the graph. Notice
we draw an open circle at the point (~1,—1) to
indicate that the point is not part of the graph.
For x> -1
X -0.9 0 1
F(x) | —0.729 0 1
We plot the points and draw the graph. Notice
we draw an open circle at the point (~1,—1) to
indicate that the point is not part of the graph.
F
SICA~
As inputs x approach —1 from the left, outputs
F (x) approach—1. We have,
lim F(x)=-1.
x—-1"
As inputs x approach —1 from the right, outputs
F (x)approach —1. We have,
lim F (x) =-1
x——1*
Since the limit from the left is the same as the
limit from the right, we have
lim F (x) =-1.
x—-1
66. G(x)= {

| N I T N A |
2 1 [ 1

—1+
We have, lim G(x):land lim G(x)zl.
x—-1" x—-1*

Therefore, lim G(x)=1.

x—-1
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x+1, forx<0 Since the limit from the left, 2, is the same as
67. H (x) =1 2 for0<x<l t?e 1i;1nit fron21 the right, 2, we have
3-x, forx=>1. o0 (x)=2.
We create an input-output table for each piece
of the function. 24+x, forx<-1
For x<0 68. G(x)={ x>, for—l<x<3
X -1 —0.5 —0.1 9 for >3
H (x) 0 0.5 0.9 ; orx=>.
Y

We plot the points and draw the graph. Notice
we draw an open circle at the point (0,1) to

indicate that the point is not part of the graph.
For 0< x <1, the function has value of 2. We

T T T 1T 17 1T 17T

draw a solid circle at the point (0, 2) to indicate L /<
the point is part of the graph and we draw an e
open circle at (1,2) to indicate that the point is We have lim G(x)=1and lim G (x)=1.
not part of the graph. A AR
For x>1 Therefore, xll)rr_ll G(x) =1.
X 1 2 3 We have lim G(x)=9and lim G(x)=9.
H ()C) 2 1 0 x—3 x—3"

We plot the points and Therefore, )lcl_)né G(x)=9.

draw the graph. Notice
we draw a solid circle at

) - 69. lim C(x)=$3.50
the point (1,2) to indicate X025
that the point is part of ligley C(x) =$3.50
the graph. =
lim C(x)=$3.50
x—0.25
70. lim C(x)=$3.00
Find lir%H(x) 102 (x)
X—> .
As inputs x approach 0 from the left, outputs xgglf C(x) =$3.50
H (x) approach 1. That is, lim C(x) does not exist.
—0.2
lim H (x)=1. '
x—0" .
As inputs x approach 0 from the right, outputs 1. ng)né, C(x ) = $4.00.
H (x)approach 2. That is, lim_ C(x) = $4.50.
lim H(x)=2. 06
x—0* lim C (x) does not exist.
Since the limit from the left, 1, is not the same x—0.6
as the limit from the right, 2, we have
lin})H (x) does not exist. 72. 11311_ P(X) =$0.98.
X! X
Find lim H (x) lim p(x)=$1.19.
x—1 x—l
As inputs x approach 1 from the left, outputs lirr% p (x) does not exist.
H (x) approach 2 . That is, -
JLI?H(x)zz. 73. xhﬁn;p(x)=$1.19.
As inputs x approach 1 from the right, outputs lim p ( x) = $1.40.
H (x)approach 2. That is, -2
VILH} H (x) -2 )lcl_>mzp (x) does not exist.
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76.

77.

78.

79.

80.

Exercise Set 1.1

lim p(x)=$1.40.
x—2.6"

lim p(x)=$1.40.
x—2.6
lim p(x)=81.40.

x—2.

lim p(x)=$1.40.

x—3"

lim p(x)=$1.61.

x—3*

lim p (x) does not exist.
x—3

lim p(x)=$1.61.
x—3.4"
lim p(x)=$1.61.
x—3.4"

lim4p(x)=$1.61.

x—3.

lim r(x) =10%.
x—8925~

lim r(x) =15%.
x—>8925"

lim r(x) does not exist.

x—8925

lim  7(x)=15%.
x—10,000"
lim r(x)=15%.
x—10,000*
lim r(x)=15%.
x—10,000

lim r x) =25%.
x—50,000"

lim r(x)=25%.
x—50,000"

lim 7 (x)=25%.
x—50,000

lim  r(x)=25%.
x—87,850"

lim r(x) = 28%.
x—87,850"

Iim r (x) does not exist.

x—87,850

lim r(x) =10%.
X¥—9000"

lim r(x) =10%.
x—9000*

lim r(x) =10%.
x—9000

81.

82.

83.

84.

83

lim  r(x)=15%.
Xx—48,600”

lim r(x)=25%.
x—48,600"

lim r(x) does not exist.
x—48,600

lim r x) =25%.

x—60,000"

lim  r(x)=25%.
x—60,000"

lim r(x) =25%.
x—60,000

lim  7(x)=10%.
x—12,570"

lim 7 (x)=15%.
x—12,570*

Iim ~» (x) does not exist.
x—12,570

As inputs x approach 2 from the right, outputs
f(x) approach 4. We have,

lim f(x) =4. In order for 1imf(x) to exist
x—2* x—2
weneed lim f(x)=4.We will use the letter ¢
x—27
for the unknown in the equation; therefore,

.1
lim —(x)+c =4.
x—2"
Substitute 2 in for x to get the equation:

%(2) +c=4 and solving for ¢ we get

I+c=4
c=3.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:
Lx+3 forx<2

f(x)=1

-x+6  forx>2.

As inputs x approach 2 from the left, outputs
/ (x) approach 0. We have,

lim f(x)=0.In order for lim / (x)to exist
x—2" x—2

weneed lim f(x)=0. We will use the letter ¢
x—2*

for the unknown in the equation and this gives
us
.3
lim =(x)+c=0
x—2*

Substitute 2 in for x to get the equation:

%(2) +c=0. We solve for c on the next page.
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Solving the equation on the previous page for ¢
we have:
3+¢=0

c=-3.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:

—Tx+1 forx <2

/(x)=

Ix+-3  forx>2.

As inputs x approach 2 from the left, outputs
f(x) approach =5. We have,

lim f(x)=-5.In order for lim /(x)to exist
x—2" x—2

weneed lim f(x)=-5. We will use the letter
x—2*

¢ for the unknown in the equation and this gives
us
lim (—x2 +c) =-5
x—2*
Substitute 2 in for x to get the equation:

- (2)2 +c =-5 and solving for ¢ we get
—(4)+c=-5

c=-1.
Therefore, in order for the limit to exist as x
approaches 2, the function must be:

f( ) x2-9 forx<?2
x =
-+ -1 for x > 2.
Granh f( ) -3, forx=-2
raj x)=
P xz, for x # 2.

Using the calculator we enter the function into

the graphing editor as follows:
Flobl Flotz Flobs
~N B -3 D= -2
“ e BE 2 D -2
wha=

wMy=

wMe=

~hE=

~he=

Notice, when you select the table feature you
et:

# ' Mz
“§ ERKEOR | 28
-C EREOR | EE
-y EREOR | 16
-z EREOF
-z -3 EREOR
- EREOR | 1
Ih EREOR | 0

w=H

87.

Chapter 1 Differentiation

The calculator graphs the function:
Using the trace feature, we find the limits.

a) lir_r;+f(x)=4
b) lim f(x)=4

x—-2"

¢) lim f(x)=4

x—-2

d) lim f(x)=4
x—2"

)
) lim f(x)=4
)

x—27

f) 1irr_12f(x =4%-3=f(-2)
o) lim/(x)=4=/(2)

x*=2, forx<0
2-x%,  forx>0.

Using the calculator we enter the function into

the graphing editor as follows:
Flobl Flotz Flobs

“N B E =2 Dl B
“N e BE-EE s DB
wha=

whly=

~NE=

~hE=

~he=

When you select the table feature you get:

Graph f(x)=

# 'y Ve
-3 7 ERROF;
-z z ERRD
-1 -1 ERROF
) ERROR | 2
i EREOR | 1

EREOR | -2
h EREOR | -7
w3

The calculator graphs the function

\L
1\

Using the trace feature, we find the limits.
Find lim f (x).

x—0
As inputs x approach 0 from the left, outputs
f(x) approach —2. We have,

lim f(x)=-2.

x—0"
The solution is continued on the next page.
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As inputs x approach 0 from the right, outputs
f (x) approach 2. We have,

lim f(x)=2

x—0*
Since the limit from the left, —2, is not the same
as the limit from the right, 2, we have

lim f (x) does not exist.
x—0
Find lim f(x) .

x—-2

As inputs x approach -2 from the left, outputs
f (x) approach 2. We have,

lim f(x)=2.
x—-2"
As inputs x approach -2 from the right, outputs
f (x) approach 2. We have,

lim f (x) =2

x—-2"
Since the limit from the left is the same as the
limit from the right, we have

lim f(x) =2.
x—-2
20x*
G h ==
P g(x) P +2x% +5x
llr'_H_‘_‘—\—\_

7

Using the trace feature on the graph, we have:
lim g(x)=0
xX—00

lim g(x)=0.
X——00
Graph f(x) :x——S
x* —4x-5

Using the calculator we enter the function into
the graphing editor.

Flotl Flakz Flok=
W B =T [ e

M=

Using the following window:

W IO
amin=-5
Hmax=1a
mecl=1
Ymin=-5
Ymax=5
Y=czl=1
Ares=1

85

The calculator graphs the function:

L
1

Using the trace feature on the calculator we find
the limits.

Find lim f(x).
x—-1

As inputs x approach —1 from the left, outputs
f(x) increase without bound. We have,

lim f (x) =—oo,
x—-1"
As inputs x approach —1 from the right, outputs
f (x) decrease without bound. We have,

lim f (x) =00

x——1"
Since the function values as x — —1 from the
left increase without bound, and the function
values as x — —1 from the right decrease
without bound, the limit does not exist.

lim f (x) does not exist.
x—-1

Find lim f (x).
x—5
As inputs x approach 5 from the left, outputs

1
f(x) approach < We have,

lim /£ (x)

x—5" 6 ’

As inputs x approach 5 from the right, outputs
f (x) approach é We have,

hnn_f(x)::gg.

x—5"
Since the limit from the left is the same as the
limit from the right, we have

. 1
fim / ()= 5-
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10.

11.

12.

By limit property L1, lirr; 7="17.
x—

Therefore, the statement lim 7 = 31is a false.
x—3

By limit property L2, the statement is true.

By limit property L2,

i[5 (4)] = [im (o) =[sF =25

Therefore, the statement is true.

By limit property L6, the statement is true.

The statement is false. g (3) could exist and if
lim g (x) does not exist, then the function
x—=3

would still be discontinuous at x = 3. .

By the definition of continuity, in order for f'to
be continuous at x =2, f (2) must exist.

Therefore, the statement is true.

This statement is false. If lim F (x) exists but is
x—4

not equal to F (4), then F' is not continuous.

By the definition of continuity, the statement is
true.

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

ig(4x—5)=4(2)—5=3.

lim(3x+2)=3(1)+2=5.

x—1

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim (x* - 4) = (-1)" -4

x—-1

13.

14.

15.

16.

17.

18.

19.

Chapter 1 Differentiation

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim (* = 6x+9) = (5)° - 6(5)+9

x—5
=25-30+9
=4,

lim (+* —4x+7) = (3)" ~4(3)+7 =4,

x—3

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

lim (2x4 —3x3 +dx— 1)

x—2

=2(2)" -3(2) +4(2)-1
=2(16)-3(8)+8-1
=32-24+8-1

=15.

lim (3x5 +ax* —3x+ 6)

’=37(—1)5 +4(-1)" =3(-1)+6
=10.

It follows from the Theorem on Limits of
Rational Functions that we can find the limit by
substitution:

=25 (3)-25

lim
x—3 xz -5 (3)2 -5
9-25
9-5
_-16
4
=4
2-8) (3-8 9-8
lim = = =1.
=3 x—2 3-2 3-2

We verify the expression yields an
indeterminate form by substitution:

2 2
fim 2 2 () =9
-3 x=-3  (3)-3

0

o
This is an indeterminate form.
The solution is continued on the next page.
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In order to find the limit we will simplify the
function by factoring the numerator and
canceling common factors. Then we will apply
the Theorem on Limits of Rational Functions to
the simplified function.

2
Cox* =9 . (x-3)(x+3
lim = lim ( ) ( )
x—3 xX— 3 x—3 X — 3
T simplifying,
- )lclgé (x + 3) assuming x#3
=343 substitution
=6.
. x?-25
lim
x=5 x—5

First we will simplify the function by factoring
the numerator and canceling common factors.

2 —
fim =25 _ iy 236 5)
-5 x—5 x—5 x-=5
=)161%n;(x+5)
=5+5
=10.

We verify the expression yields an
indeterminate form by substitution:

2 9\ _h(h)
i 2222078 _ (2P 2(2) 8
=2 x4 (—2) -4
_0
0

This is an indeterminate form. In order to find
the limit we will simplify the function by
factoring the numerator and denominator and
canceling common factors. Then we will apply
the Theorem on Limits of Rational Functions to
the simplified function.

fim X 2228 (o) (x+2)
-2 -4 w2 (x-2)(x+2)
. x—4 implifying,
- m[224) e
ﬂ substitution
2-2
_—6
T4
_3
=2

87

2
. +5x—

22. hmw

x—1 x2 -1

First we will simplify the function by factoring
the numerator and denominator then canceling

common factors.

2 - -1)(x+6
fim® 526 _ o (=1 (x+0)
x—1 x2 —1 x—1 (x—l)(x+1)
. x+6 simplifying,
= }clinl( x+1 ) assuming x#1
1+6 o
— substitution
1+1
_7
%

23. We verify the expression yields an

indeterminate form by substitution:
3 +x-14_3(2+(2)-14 0

=2 xP—4 (2) -4 o
This is an indeterminate form. In order to find
the limit we will simplify the function by
factoring the numerator and denominator and
canceling common factors. Then we will apply

the Theorem on Limits of Rational Functions to
the simplified function.

3x%+x-14 lm(3x+7)(x—2)
a2 (x+2)(x—2)
3x+7)

1P(x+2
_3 )

lim 3
x—2 x° -4

simplifying,
assuming x#2

><.—-

= substitution

2+
13
4
2x* —x-21
9—x?
First we will simplify the function by factoring

the numerator and denominator and canceling
common factors.

24. lim

x—-3

2
lim 2x"—x-21 - lim (x 7)(x+3)
>3 9 x? x—>—3( x)(3+x)
. 2x—7j
= lim
x—-3 3—_x
_2(3)-7
- 3-(-3)
__ BB
6
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25.

26.

27.

We verify the expression yields an
indeterminate form by substitution:

3 3
lim -8 _ (2)—8 = 9
=2 2—-x 2-2 0
This is an indeterminate form. In order to find
the limit we will simplify the function by
factoring the numerator and canceling common
factors. Then we will apply the Theorem on
Limits of Rational Functions to the simplified
function.

3_¢g (x—2)(x2+2x+4)
~(x-2)

simplifying,
assuming x#2

= lim [— (x2 +2x+ 4)]

x—2
=— ((2)2 +2 (2) + 4) substitution
=-12.
3
lim &1
x—=1 x—1

First we will simplify the function by factoring
the numerator and canceling common factors.

5.1 (x—l)(x2+x+l)
(x-1)

=£iinl(x2+x+1)

simplifying,
assuming x#1

= (1)2 + (1) +1=3. substitution
We verify the expression yields an
indeterminate form by substitution:

_ Nx-5 \25-5 0

lim = =—,
w25 x=25  (25)-25 0
This is an indeterminate form. In order to find
the limit we will simplify the function by
factoring the denominator and canceling
common factors. Then we will apply the
Theorem on Limits of Rational Functions to the
simplified function.
Jx =5

lim @ lim ————————
x—25 x=25  x-25 (\/;_5)<\/;+ 5)

1 simplifying,

= lim ‘
x—25 (\/; 4+ 5) assuming x#25
1
= substitution
V25 +5
_ 1
10

28.

29.

Chapter 1 Differentiation

lim ——*
x~>9\/;—3

First we will simplify the function by factoring
the numerator and canceling common factors.

lim ——> ~(x-9)

x—>9\/;—3 x-9 Jx -3

E
x—9 \/;—3

= tim| ~(vx +3)]

x—9

3

= 6.

We verify the expression yields an
indeterminate form by substitution:

X 4310 (2)° +3(2)-10
=2 X7 —4x+4 (2) —4(2)+4

This is an indeterminate form. In order to find
the limit we will simplify the function by
factoring the numerator and the denominator
then canceling common factors. Then we will
apply the Theorem on Limits of Rational
Functions to the simplified function.

. X2 +3x-10 . (x=2)(x+5)
lim = lim
=2 X2 —4x+4 xa2(x—2)(x—2)

. [ x+5) simplifying,
= P_)Ig ( x=2 J assuming x#2
2+5 o
=— substitution
2-2
7
0
Substitution yields division by zero. Therefore,
. x*+3x-10 ,
lim — does not exist.
x—=2 x* —4x+4
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. x*+5x+4
lim ————
==l x" +2x+1
First we will simplify the function by factoring
the numerator and denominator then canceling

common factors.

+5x+4 o (x+1)(x+4)
x—-1 x2+2x+1 x—-1 (x+1)(x+l)
. x+4 simplifying,
= xli)ﬁ_ll( x+1 ) assuming x#—1
-1+4 _
= substitution
-1+1
o
Substitution yields division by zero. Therefore,
. x*+5x+4 .
lim —————does not exist.
==l x" +2x+1
limvx* 16
x—5
By limit property L2,
lim x> =16 = [lim (x> ~16)
x—=5 x—=5
= [lim x> - lim 16 By L3
x—5 x—5
2
= (limx) -16 By L2 and L1
x—5
=J(5) -16
=+/25-16
NG
=3.
limvx* -9
x—4
By limit property L2,
limvx? -9 = _[lim (x2 —9)
x—4 x—4

=

2
lim x) -9 ByL2andL1
x—

i
s

IS

LS}

[lim x> — 1im9 By L3
x—4 x—4

16-9

V7.

33.

34.

3s.

89

lim+/x* -9

x—2

By limit property L2,

lim vx? =9 = [lim (x> —9)
x—2 x—2

= [lim x* - lim 9 By L3
x—2 x—2

2
= (limx) -9 By L2 and L1

x—2
=J(2)* -9
=J4-9
s

Therefore, lim x> —9 does not exist.
x—2

lim~/x? =16 = [lim (x2 - 16) By L2
x—3 x—3
= [limx* - lim 16 By L3
x—3 x—3
2
= (limx) -16 By L2 and L1
x—3

=J(3)° -16
=\o-16
_JT

Therefore, lim x% =16 does not exist.
x—3

lim x> -16

x—-4"
By limit property L2,
lim Vx*-16 = | lim (x2—16)
x—-4" x—-4"
=\/ lim x> lim 16  ByL3
x——4" x—-4"
2
= ( lim xj —-16 ByL2and L1
x—-4"
=(-4)’ -16
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36.

37.

38.

39.

40.

41.

42.

lim vx? -9 = | lim (x2 —9)

x—3t x—3*
= [lim x> - lim 9 ByL3
x—3" x—3"

2
= (lim x) -9 ByL2andLl

By L2

x—3*
=J(3)° -9
=J9-9

=+/0
=0.

The function is not continuous over the interval,
because g(x) is not continuous at x =—2. Asx
approaches —2 from the left, g (x) approaches
4. However, as x approaches —2 from the right
f (x) approaches —3 . Therefore, g(x) is not

continuous at —2.

The function is not continuous over the interval,
because it is not continuous at x =1.

The function is continuous over the interval.

The function is not continuous over the interval,
because k(x) is not continuous at x =—1. The
function is not defined at x = —1, in other
words k(—l) does not exist. Therefore, k(x) is

not continuous at —1 .

The function is not continuous over the interval,
because it is not continuous at x =-2. We see

that lim ¢(x) = oo , therefore, the limit does

x—=2
not exist as x approaches -2 ; furthermore, the
function is not defined at x = -2, in other

words t(—2) does not exist. Therefore the
function is not continuous at x =-2.

a) We have lim g(x)=-2and lim g(x)=-2.

x—1* x—1

Therefore, lim g (x) =-2.
x—1

b) g(l)=-2.

43.

<)

d)

a)

b)

d)

Chapter 1 Differentiation

The function g (x) is continuous at x =1,

because
1) g(1) exists, g(1)=-2,

2) limg(x) exists, limg (x) =-2,and
x—=1 x—1
3) limg(x) =-2= g(l) .
x—1
lim g(x) =-3 and lim g(x) =4.
x—=2"

x—-2"

Therefore, lim g(x)does not exist.
x—-2

g (—2) =-3.
Since the limit of g (x) as x approaches —2

does not exist, the function is not continuous
at x=-2.

As inputs x approach 1 from the right,
outputs f (x) approach —1 . Thus, the limit

from the rightis —1. lim f(x) =-1.
x—1*

As inputs x approach 1 from the left,
outputs f (x) approach 2 . Thus, the limit

from the leftis 2. lim f(x)=2.
x—1"

Since the limit from the left, —1, is not the
same as the limit from the right, 2, the

limf(x) does not exist

x—1

When the input is 1, the output /(1) is —1.
That is /(1) = -1

Since the limit of f (x) as x approaches 1

does not exist, the function is not continuous
at x=1.

As inputs x approach —2 from the right,
outputs f (x) approach 3. Thus, the limit

from the rightis3. lim f(x) =3.
x—-2%

As inputs x approach -2 from the left,

outputs f (x) approach 3. Thus, the limit
from the leftis3. lim f(x)=3.

x—=>-2"
Since the limit from the left, 3, is the same
as the limit from the right, 3, we say

lim f(x)=3..

x—-2

When the input is —2, the output f (—2) is
3. Thatis f(-2) =3
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f)

a)

b)

d)

e)

a)

b)

d)

The function f (x) is continuous at x =—2,

because

1) f(—2) exists,f(—Z) =3,

2) lim f(x) exists, lim f(x)=3,and
x—-2 x—-2

3) Xli)rr_lzf(x) =3=f(-2).

lim /(x)=2and lim 2 (x)=2.

x—1*

x—1"
Therefore, limh(x)=2.
x—1
h(l)=2.

The function 4 (x) is continuous at x =1,
because
1) h(1) exists, h(1)=2,
2) lim#A (x) exists, lim#A (x) =2,and
X

x—1 —1

3) limh(x)=2=h(1).
x—1
lim A(x)=0and lim h(x)=0.

x—-=2" x—-2"
Therefore, lim 4(x)=0.

x—-2
h(-2)=0.

The function 4 (x) is continuous at x = -2,
because
1) h(—2) exists, h(—2) =0,

2) lim h(x) exists, lim h(x)=0,and
x—-2 x—-2

3) 1irr_12h(x) =0="h(-2).

As inputs x approach —1 from the right,
outputs k(x) approach 2. Thus, the limit

from the rightis 2. lim k(x) =2.
x—-1"

As inputs x approach —1 from the left,
outputs k(x) approach 2. Thus, the limit

from the leftis2. lim k(x)=2.

x—>-1"
Since the limit from the left, 2, is the same
as the limit from the right, 2, we have

lim k(x)=2.

x—-1
k (—1) is not defined, or does not exist.
Since the value of & (—1) does not exist, the

function is not continuous at x = —1.
As inputs x approach 3 from the right,

outputs k(x)approach —2 . Thus, the limit
from the rightis —2. lim & (x)=-2.
x—3*

46.

47.

d)

e)

b)

|

As inputs x approach 3 from the left,

outputs k(x)approach —2 . Thus, the limit
from the leftis—2. lim k(x)=-2.

x—3"
Since the limit from the left, -2, is the same
as the limit from the right, -2, we have

limk(x)=-2.

x—3

k(3)=-2

The function k(x) is continuous at x =3,
because

1) k(3) exists,
2) limk (x) exists, and

x—3
3) limk(x)=-2=k(3).

x—3
lim #(x)=0.25and lim ¢(x)=0.25.
x—l1* x—1"
Therefore, limt(x) =0.25.

x—1

t(1)=0.25
The function t(x) is continuous at x =1,

because
1) t(l) exists,

2) lim¢(x) exists , and
x—1

3) lim¢(x)=0.25=1(1).

lim t(x) =oo and lim t(x) =oo
x—-2" x—-2"
Therefore, lim 7(x) = oo, which means that

x—-2
the limit does not exist because as x gets
closer to —2 the function values increase
without bound.

l(—2) is undefined or does not exist.
Since l(—2) is undefined and the limit of

t(x) as x approaches —2 does not exist, the

function is not continuous at x = -2

As inputs x approach 3 from the right,
outputs G(x) approach 3. Thus,

lim G(x)=3.
x—3*
As inputs x approach 3 from the left,
outputs G(x) approach 1. Thus,
lim G(x)=1.
x—3"
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48.

49.

¢) Since the limit from the left, 1, is not the
same as the limit from the right, 3, the limit

does not exist. lim G(x) does not exist.
x—3

d) G(3)=1
e) The function G (x) is not continuous at

x =3 because the limit does not exist as x
approaches 3.
f) The function G(x) is continuous at x =0,

because

1) G(O) exists,

2) lim G(x) exists, and
x—0

3) 1imG(x)=G(0).

g) The function G(x) is continuous at x = 2.9,
because
1) G(2.9) exists,

2) lim G(x) exists, and
x—2.9

3) Xl_i)rggG(x) =G(2.9).

a) lim C(x)=1

x—2*

b) lim C(x)=-1

x—2"

¢) lim C(x)does not exist.
x—2
d)y C(2)=1
e) The function C (x) is not continuous at

x =2 because the limit does not exist as x
approaches 2.
f) The function C (x) is continuous atx =1.95,

because lim C(x)=-1=C(1.95).
x—1.95

First we find the function value when x =4 .

g(4)= (4)2 —3(4)=4. Hence, g(4) exists.

Next, we find the limit as x approaches 4. It

follows from the Theorem on Limits of Rational
Functions that we can find the limit by

substitution: lim g (x) = (4 -3(4)=4.
x—
Therefore, lirri g (x) =4=g (4) and the function
xX—

1s continuous at x = 4.

50.

51.

52.

53.

54.

5S.

Chapter 1 Differentiation

The function f (x) is continuous at x =5,

because:

1) f(5)exists, £(5)=13

2) lim f(x) exists, lim f(x)=13, and
x—=5 x—=5

3) 1in§f(x)=13=f(5).

. 1. .
The function G(x)=— is not continuous at
x

x = 0because G(O) = %is undefined.

The function F(x)= Jx is not continuous at

x =—1because F(-1)= -1 is undefined on

the real numbers.

First we find the function value when x =4 .
f(4)=—(4)+7=3. Hence, /' (4) exists. Next

we find the limit as x approaches 4. As the
inputs x approach 4 from the left, the outputs

f(x) approach 3, that is,

. 1
lim f(x) :—(4)+l =3.
x—4" 2
As the inputs x approach 4 from the right, the
outputs f (x) approach 3, that is,
lim f(x)=—(4)+7=3.
x—4t
Since the limit from the left, 3, is the same as

the limit from the right, 3. The limit exists. We
have:

lim £ (x)=3.

x—4

Therefore, we have lin}‘ f(x)=3=r(4).
x—

Thus the function is continuous at x = 4.

The function f (x) is continuous at x =3,

because:

g (3) exists, g(3) =5

2) lim g(x) exists, limg(x)=5, and
x—3 x—3

3) )l{i_)m}g(x)z 5=g(3).

The function is not continuous at x = 3 because
the limit does not exist as x approaches 3. To
verify this we take the limit as x approaches 3
from the left and the limit as x approaches 3
from the right.

The solution is continued on the next page.
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57.

58.

59.

Exercise Set 1.2

As x approaches 3 from the left we have
lim F(x)=1(3)+4=5.

x—3"
As x approaches 3 from the right we have

lim F(x)=2(3)-5=1.
x—3*
Since the limit from the left, 5, is not the same
as the limit from the right, 1, the limit does not
exist. lir% F(x) does not exist.
X—>

The function is not continuous at x = 4 because
the limit does not exist as x approaches 4.

lim G(x)=1(4)+1=3
x—4"

lim G(x)=-(4)+5=1
x—4*

lim G(x)# lim G(x)
x—4" x—4"
Therefore,

lim G (x) does not exist.
x—4

Furthermore, the function is not defined at
x=4,s0 G(4) does not exist.

The function is not continuous at x = 4 because
the function is not defined at x =4 . Therefore,

g (4) does not exist.

The function f (x) is continuous at x =3,

because:

1) f(3)exists, f(3)=5

2) lim f (x) exists, lim f(x)=5, and
x—=3 x—3

3) lim f(x)=5=1(3).

The function is not continuous at x =2 . To
verify this, we take the limit as x approaches 2.
Using the Theorem on Limits of Rational
Functions, we simplify the function near 2 by
factoring the numerator and canceling common
factors.

2 [—
lim G (x) = lim *
x—2 x—2 X— 2
i (37200 +2)
x—2 x—-2
= lim (x + 2)
x—2
=2+2=4
Therefore,
lim G(x) =4.
x—2

60.

61.

62.

93

However, when x =2, the output G(2) is
defined to be 5. That is, G(2) = 5. Therefore,
lini G(x)=4#5=G(2). Thus the function is
x—>

not continuous at x =2 .

The function is not continuous at x =1 because
limF(x)=2#4=F(1).
x—l1

First we find the function value when x =4 .
G(4)=2(4)-3=5, G(4) exists.

Next we find the limit as x approaches 4. To
find the limit as x approaches 4 from the left, we

first simplify the rational function by factoring
the numerator and canceling common factors.

2
lim G(x)= fim ~—2%~4
x—4" x—4" x—4
i 95D
x—4" x—4
= lim (x+ 1)
x—4"
=4+1
=5

To find the limit as x approaches 4 from the
right, we can use substitution.

lim G(x)= lim (2x-3)

x—4" x—4*
=2 (4) -3
=5
Therefore, the limit exists.
limG(x)=5.
x—4

Thus we have,
lim G(x) =5= G(4).
x—4

Therefore, the function in continuous at x =4 .

The function f (x) is continuous at x =5,

because:

1) f(5)exists, £(5)=6

2) lim f(x) exists, lim f(x)=6,and
x—5 x—5

3) lim f(x)=6=f(5).
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63.

64.

65.

66.

67.

68.

The function is not continuous at x = 5 because
g (5) does not exist.

1
€6 (5 -7(5)+10
o
©25-35+10
1
"0

The function f (x) is continuous at x =3,
because:
1) f(3) exists,

2) lim f(x) exists, and
x—3

3) 1Lr%f(x)=—1=f(3).

The function is not continuous at x =2,
because G(Z) does not exist.
1

)= 2)° —6(2)+8

—~

o |-

The function F (x) is continuous at x =4,

because:

1) F(4) exists, F(4) = —%

2) lim F(x) exists, lim F(x) = 1 , and
x—4 2

x—4

, 1
3) llgiF(x)= —5=F(4).

Yes, the function is continuous over the interval
(—4,4) . Since the function is defined for every

value in the interval, the Theorem on Limits of
Rational Functions tells us lim g (x) =g (a) for
Xx—a

all values a in the interval. Thus g(x) is

continuous over the interval.

Yes, the function is continuous over the interval
(—5,5) . Since the function is defined for every

value in the interval, the Theorem on Limits of
Rational Functions tells us lim F (x) = F (a) for
x—a

all values « in the interval. Thus F (x)is

continuous over the interval.

69.

70.

71.

72.

73.

74.

Chapter 1 Differentiation

No, the function is not continuous over the
interval (O, oo) because the function does not

existat x=1. G(1)= L _1

——=—, which is
1-1 0

undefined.

No, the function is not continuous over the
interval (—7, 7) because the function does not

existat x=0. f(0)=%+3,which is

undefined.

Yes, the function is continuous on R. The
function is defined for all real numbers, so by
the Theorem on Limits of Rational Functions,

limg(x)=g(a)forallain R.
Xx—a

No, the function is not continuous over R,
because the function does not exist at x =5.

3
x—=5

= %, which is undefined.

The limit as x approaches 20 from the left
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values less than 20. The limit from
the left of the function is:

lim (1.5x)=1.50(20) = 30.
x—20°
The limit as x approaches 20 from the right
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values greater than 20. The limit
from the right of the function is:

lim (1.25x)=1.25(20)=25.
x—20"
Since the limit from the left, 30, is not the same
as the limit from the right, 25, the limit does not

exist. lim p (x) does not exist.
x—20

The limit as x approaches 100 from the left
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values less than 100. The limit from
the left of the function is:

lim (0.08x)=0.08(100)=8.
x—100
The limit as x approaches 100 from the right
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values greater than 100.
The solution is continued on the next page.
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76.

Exercise Set 1.2

The limit from the right of the function is:
lim (0.06x)=0.06(100) = 6.
x—100"
Since the limit from the left, 8, is not the same
as the limit from the right, 6, the limit does not

exist. lim p(x) does not exist.
x—100

The limit as ¢ approaches 60 from the left
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values less than 60. The limit from
the left of the function is:
lim (2¢) =2(60)=120.
t—60"
The limit as ¢ approaches 20 from the right
is found in this case using Limit Property L3 by
substituting on the piece of the function that is
defined for values greater than 20. The limit
from the right of the function is:
lim_(300-3¢)=300-3(60)=120.
t—60"
Since the limit from the left, 120, is the
same as the limit from the right, 120, the
limitis lim 7' (¢) =120.

t—60

In order for the function to be continuous at
x =20 the limit as x approaches 20 from the
left must equal the limit as x approaches 20
from the right. The limit from the left of the
function is:

lim (1.50x)=1.50(20) = 30. Therefore, the

x—20

limit of p(x) as x approaches 20 from the right
must be equal to 30. We set the right hand limit
equal to 30:

lim (1.25x+k)=30.

x—20"
We allow x to approach 20. By Limit Property
L3, we have:
1.25(20)+4 =30
Solving this equation for £ yields:
25+k=30
k=5.
Therefore, £ must equal 5 in order for the price
function to be continuous at x = 20.

77.

78.

95

In exercise 74, we found that

lim =0.08(100) =8.In order for p(x)to be
x>100”

continuous, the limit from the right must equal
8. Therefore,
lim 0.06x+k =8

x—100*
0.06(100)+k =8 By Limit Property L3
6+k=8
k=2

The constant k£ must equal 2 in order for the
function to be continuous at x =100.

a) As the inputs x approach 0 from the left, the
outputs approach —1. We see this by
looking at a table:

X -0.1 -0.01 | —0.001
| -1 -1 -1
x

limm— 1
x—0" X

As the inputs x approach 0 from the right,
the outputs approach 1. We see this by

looking at a table:
X 0.001 | 0.01 0.1
|x| 1 1 1
X
.
lim —=1.
x—0" X

Since the limit from the left, —1, is not the
same as the limit from the right, 1, the limit
X
does not exist. lim u does not exist.
x—0 x
b) The limit as x approaches —2 from the left
is:
. X’ +8
lim — =
x—-2"x"—4
The limit as x approaches —2 from the right
is:

3.

3
. X" +8
lim 5 =-3.

x—-2" x* =4

Since the limit from the left is the same as
the limit from the right, the limit exists and

1S:

3
tim £ 5
x—-2x° -4

The solution is continued on the next page.
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79.

80.

81.

82.

83.

84.

85.

86.

Another approach to finding the limit on the
previous page would be to simplify the
function, by factoring the numerator and
denominator and canceling common factors.

2 +8 (x+2)(x2—2x+4)
lim = lim
=2yt -4 2 (x+2)(x-2)
X2 -2x+4 )
= lim —————  assumingx # -2

x—-2 X— 2

(2)-2(-2)+4

(-2)-2
12
—4
=-3.
0.5, 0or—
6
0.5, or l
2
1
-0.2887, or —-——

23

0.378, or

1
NG

0.75, or i
4

0.25, or l
4
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Exercise Set 1.3

1. a) f(x) =5x°

b)

S0,
f(x+h)=5(x+h)
=5(x2+2xh+h2)

substituting x + 4 for x

=5x% +10xh + 5h?
Then

f(x+h)=f(x)
h

~ (5x2 +10xh + 5h2)— 5x°

= P Substituting

_ 10xh +5h*
ok
h(10x +5h)

= Factoring the numerator

h
=%-(10x+5h)

Difference quotient

Removing a factor = 1.

—10x+5h,
or 5(2x+h)

The difference quotient column in the table
can be completed using the simplified
difference quotient.

10x+5h  Simplified difference quotient

=10(5)+5(2)=60

substituting 5 for x and 2 for 4;
=10(5)+5(1) =55

substituting 5 for x and 1 for 4;
=10(5)+5(0.1)=50.5

substituting 5 for x and 0.1 for 4;
=10(5)+5(0.01)=50.05

substituting 5 for x and 0.01 for 4.
The completed table is:

Simplified difference quotient

x h f(x+h)=f(x)
h

5 2 60

5 1 55

5 0.1 50.5

5 0.01 50.05

2.

97
a) f(x) =4x*
SO,
f(x+h)—f(x) 3 4(x+h)2 —4x?
h B h
<4x2 +8xh+4h2)—4x2
B h
_ 8xh+4h?
==
_ h(8x+4h)
==
h
=;~(8x+4h)

=8x+4h=4(2x+h)

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

8x+4h  Simplified difference quotient

=8(5)+4(2)=48

substituting 5 for x and 2 for 4;
=8(5)+4(1)=44

substituting 5 for x and 1 for 4;
=8(5)+4(0.1) =404

substituting 5 for x and 0.1 for 4;
=8(5)+4(0.01) = 40.04

substituting 5 for x and 0.01 for A.
The completed table is:

x h f(x+h)-f(x)
h

5 2 48

5 1 44

5 0.1 40.4

5 0.01 40.04
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3. a) f(x)=-5x
S0,

f (x + h) =-5 (x + h)z substituting x + 4 for x

= —5(x2 +2xh+h2)
= —5x> —10xh - 5k
Then
+h)-
f(xT)f(X) Difference quotient
(=527 =10k - 5h? ) - (~4x7)
= Substituting
h
_ —10xh -5k
h
_ m Factoring the
- numerator
h
h Removing a
=Z'(_10x_5h) factor = 1.
_ Simplified difference
=~10x-5h, quotient
or =5 (2x + h)

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

—10x—5h  Simplified difference quotient

=-10(5)-5(2)=-60

substituting 5 for x and 2 for 4;
=-10(5)-5(1) =-55

substituting 5 for x and 1 for 4;
=-10(5)-5(0.1)=-50.5

substituting 5 for x and 0.1 for 4;
=-10(5)-5(0.01)=-50.05

substituting 5 for x and 0.01 for A.
The completed table is:

x h fx+h)=f(x)
h

5 2 -60

5 1 -55

5 0.1 -50.5

5 0.01 ~50.05

Chapter 1 Differentiation

4. a) f(x) = —4x*

S0,

f(x+h)-f(x) —4(x+h)2 —(—4x2)

h h
(<427 — 8k — 44 ) + 47
B h
_ —8xh—4h®
ok
h(~8x—4h)
h

=%~(—8x—4h)

= —8x—4h=—4(2x+h)

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

—8x—4h  Simplified difference quotient

=-8(5)-4(2)=-48

substituting 5 for x and 2 for 4;
=-8(5)-4(1)=-44

substituting 5 for x and 1 for 4;
=-8(5)-4(0.1)=-40.4

substituting 5 for x and 0.1 for 4;
=-8(5)—4(0.01) = —40.04

substituting 5 for x and 0.01 for 4.
The completed table is:

x h fx+n)=f(x)
h

5 2 —48

5 —44

5 0.1 -40.4

5 0.01 —40.04
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Exercise Set 1.3

a)

f(x):xz—x

We substitute x + /4 for x

f(x+h)=(x+h)2—(x+h)

b)

=(x2+2xh+h2)—x—h

=x’>+2xh+h> —x—h

Then
+h)-

f(xT)f(X) Difference quotient

(x2 +2xh+ h? —x—h)—(x2 —x)

h
_2xh+h’>—h
h

h(2x+h-1) ,
= T Factoring the numerator

h .
= ;-(Zx +h- 1) Removing a factor = 1.
=2x+h-1 Simplified difference quotient

The difference quotient column in the table
can be completed using the simplified
difference quotient.

2x+h—1  Simplified difference quotient

=2(5)+(2)-1=11

substituting 5 for x and 2 for 4;
=2(5)+(1)-1=10

substituting 5 for x and 1 for 4;
=2(5)+(0.1)-1=9.1

substituting 5 for x and 0.1 for 4;
= 2(5)+(0.01)—1 =9.01

substituting 5 for x and 0.01 for 4.
The completed table is:

x h fx+h)=f(x)
h

5 2 11

5 1 10

5 0.1 9.1

5 0.01 9.01

b)

929

f (x) =x’+x
Then
M Difference quotient

((x + h)2 + (x + h)) - (x2 + x)
B h

(x2 +2xh+h* +x+h)—(x2 +x)
- h
_2xh+h’+h
- h
_h(2x+h+1)
- h
= % (2x+h+1)
=2x+h+1 Simplified difference quotient
The difference quotient column in the table

can be completed using the simplified
difference quotient.
2x+h+1  Simplified difference quotient

=2(5)+(2)+1=13

substituting 5 for x and 2 for 4;
=2(5)+(1)+1=12

substituting 5 for x and 1 for 4;
=2(5)+(0.1)+1=11.1

substituting 5 for x and 0.1 for /;
=2(5)+(0.01)+1=11.01

substituting 5 for x and 0.01 for 4.
The completed table is:

x h f(x+h)-f(x)
h

5 2 13

5 1 12

5 0.1 11.1

5 0.01 11.01

Copyright © 2016 Pearson Education, Inc.



100

b)

fx)==
We substitute x + 4 for x
9
h)=——
f(x+ ) P
Then
/ (x il h}z — f( ) Difference quotient
) )
_\x+ h X
h
( 9 .x) 9 (x+h)
x+h x X (x +h
= multiplying by 1
h
ox | [9(x+h)
~ x(x+h) x(x+h)
B h
—9h
X (x + h)
=— adding fractions
h
-9h
X (x + h) _h
T T
1
—oh_ 1 Itiplying by the reciprocal
= . multiplyin; e reciproca
x(x+h) h HHPYIE DY P
= ﬁ -9 Removing a factor = 1
h |\ x (x + h) £ .
= - Simplified difference quotient
X (x + h)

The difference quotient column in the table
can be completed using the simplified
difference quotient.

- 0 Simplified difference quotient
X (x + h)
_ 9 9
5(5+2) 35
substituting 5 for x and 2 for 4;
9 9 3

5(5+1) 30 10

Chapter 1 Differentiation

substituting 5 for x and 1 for 4;

9

9 6

5(5+0.1)
substituting 5 for x and 0.1 for 4;

9

"255 17

9 60

T 5(5+001) 2505 167

substituting 5 for x and 0.01 for 4.
The completed table is:

x h f(x+h)-f(x)
h

5 2 9
35

5 1 3
10

5 0.1 6
17

5 0.01 60
167

a) f(x)—;
Then

Difference quotient
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b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

2
X (x + h)
2 2
5(5+2) 35
substituting 5 for x and 2 for #;
3 22 1

T O5(5+1) 30 15
substituting 5 for x and 1 for 4;

Simplified difference quotient

22 4
5(5+0.1) 255 51
substituting 5 for x and 0.1 for 4;
~ 2 2 40
5(5+001) 2505 501

substituting 5 for x and 0.01 for 4.
The completed table is:

x h f(x+h)-f(x)
h
5 2 2
35
5 1 1
15
5 0.1 4
51
5 0.01 40
501

a) f(x)=2x+3
We substitute x + 4 for x
f(x+h)=2(x+h)+3
=2x+2h+3
Then
f(x+h)—f(x)
h

Difference quotient

(2x+2h+3)—(2x+3)

h
_2h
ok
=2 Simplified difference quotient

10.

11.

101

b) The difference quotient is 2 for all values of
x and h. Therefore, the completed table is:

x h fx+n)=f(x)
h

5 2 2

5 1 2

5 0.1 2

5 0.01 2

a) f(x)=—2x+5
f(x+h)—f(x)

Difference quotient

h
_ (—2x -2h+ 5) - (—2x +5)
- h
_=2h
T h
=-2 Simplified difference quotient

b) The difference quotient is —2 for all values
of x and 4. Therefore, the completed table
is:

x h fx+n)=f(x)
h

5 2 -2

5 1 -2

5 0.1 -2

5 0.01 -2

a) f(x)=12x
S0,
fx+h)=12(x+h)
= 12(x3 +3x°h+3xh* +h3)

substituting x + /4 for x

Then
f(x+h)—f(x)
h

12(x3 +3x%h+ 3xh> +h3)—(12x3)
- h

36x2h+36xh> +12h°
- h

h(36x2 +36xh +12h2)

B h

Difference quotient

Factoring the numerator.

S ﬁ-(36x2 +36xh+1247)
h
Removing a factor = 1.

=36x> +36xh +12h*
Simplified difference quotient
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12.

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

36x” +36xh+1247
=36(5)" +36(5)(2)+12(2)° = 1308
substituting 5 for x and 2 for /;
=36(5)° +36(5)(1)+12(1)° =1092
substituting 5 for x and 1 for /;
=36(5)° +36(5)(0.1)+12(0.1)* =918.12
substituting 5 for x and 0.1 for 4;
=36(5)” +36(5)(0.01)+12(0.01)* = 901.8012

substituting 5 for x and 0.01 for A.
The completed table is:

x h f(x+h)-f(x)
h
5 2 1308
5 1 1092
5 0.1 918.12
5 0.01 901.8012
a) f(x)=1-x°
Then
w Difference quotient
(1—x3 —3x2h—3xh? —h3)—(1—x3)
- h
=3 h=3xh -0
- h
h(—3x2 —3xh—h2)
- h

=%-(—3x2 —3xh—h2)

=-3x> —3xh— I’
Simplified difference quotient

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

—-3x2 =3xh-h*
=-3(5)" -3(5)(2)-(2)° =-109
substitiuting 5 for x and 2 for 4;

= 3(5) -3(3)(1)- (1 =91

Chapter 1 Differentiation

substitiuting 5 for x and 1 for #;
= -3(5)* =3(5)(0.1) = (0.1)* = -76.51
substitiuting 5 for x and 0.1 for J;
=-3(5)* =3(5)(0.01) = (0.01)" = -75.1501

substitiuting 5 for x and 0.01 for 4.
The completed table is:

x h f(x+h)-f(x)
h

5 2 -109

5 1 91

5 0.1 -76.51

5 0.01 —75.1501

a) f(x)=x2—4x
We substitute x + /4 for x
f(x+h)=(x+h) —4(x+h)
=(x2 +2xh+h2)—4x—4h

=x>+2xh+h> —4x—4h

Then

w Difference quotient

((x + h)2 - 4(x + h)) - (xz - 4x)
B h

(x2 +2xh+h? —4x— 4h) - (x2 - 4x)
N h
_2xh+h’—4h
- h

h(2x+h—-4) ,
= T Factoring the numerator.

= %-(2x +h— 4) Removing a factor = 1.

=2x+h—4 Simplified difference quotient
b) The difference quotient column in the table
can be completed using the simplified
difference quotient.
2x+h—-4  Simplified difference quotient
=2(5)+(2)-4=8
substituting 5 for x and 2 for 4;
=2(5)+(1)-4=7
substituting 5 for x and 1 for 4;
=2(5)+(0.1)-4=6.1
substituting 5 for x and 0.1 for 4;
The solution is continued on the next page.
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Continuing from the previous page:
=2(5)+(0.01)-4=6.01

substituting 5 for x and 0.01 for A.
The completed table is:

14. a)

f(x+h)=f(x)

x h fx+h)=f(x)
h

5 2 8

5 1 7

5 0.1 6.1

5 0.01 6.01

f(x) =x?-3x

Then

Difference quotient

h
(3 + 2k +? =3x=3h) — (x* - 3x)
h
_2xh+h* =3h
h
h(2x+h-3)
h
I (2x+h-3)
h
=2x+h-3 Simplified difference quotient

b)

The difference quotient column in the table
can be completed using the simplified
difference quotient.

2x+h—3  Simplified difference quotient

=2(5)+(2)-3=9

substituting 5 for x and 2 for 4;
=2(5)+(1)-3=8

substituting 5 for x and 1 for 4;
=2(5)+(0.1)-3=7.1

substituting 5 for x and 0.1 for 4;
=2(5)+(0.01)-3=7.01

substituting 5 for x and 0.01 for A.
The completed table is:

x h f(x+h)-f(x)
h

5 2 9

5 1 8

5 0.1 7.1

5 0.01 7.01

103
15. a) f(x)=x>-3x+5
We substitute x + A for x
f(x+h)=(x+h) =3(x+h)-5
= (x +2xh+ 17 )=3x=3h+5
= x> +2xh+h* =3x-3h+5
We substitute to find the simplified
difference quotient.
+h)-
f(xT)f(X) Difference quotient
(3 + 250+ > =35 =37 +5)— (x” =3x +5)
- h
_2xh+h*=3h
h
h(2x+h-3) .
= T Factoring the numerator.
h .
= r (2x +h- 3) Removing a factor = 1.

=2x+h—-3 Simplified difference quotient

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

2x+h—-3  Simplified difference quotient

= 2(5)+(2)-3=9

substituting 5 for x and 2 for 4;
=2(5)+(1)-3=8

substituting 5 for x and 1 for 4;
=2(5)+(0.1)-3=7.1

substituting 5 for x and 0.1 for 4;
=2(5)+(0.01)-3=7.01

substituting 5 for x and 0.01 for A.

The completed table is:

X h f(x+h)—f(x)
h

5 2 9

5 1 8

5 0.1 7.1

5 0.01 7.01
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16. a) f(x)=x>+4x-3
Then
f(x+h)=f(x)

h

Difference quotient

(x2 +2xh+h2+4x+4h—3)—<x2+4x—3)
h

_2xh+h* +4h
h
h(2x+h+4)
h

=%~(2x+h+4)

=2x+h+4 Simplified difference quotient

b) The difference quotient column in the table
can be completed using the simplified
difference quotient.

2x+h+4  Simplified difference quotient

=2(5)+(2)+4=16

substituting 5 for x and 2 for 4;
=2(5)+(1)+4=15

substituting 5 for x and 1 for 4;
=2(5)+(0.1)+4 =14.1

substituting 5 for x and 0.1 for 4;
=2(5)+(0.01)+4=14.01

substituting 5 for x and 0.01 for A.
The completed table is:

x h f(x+h)-f(x)
h

5 2 16

5 1 15

5 0.1 14.1

5 0.01 14.01

17. To find the average rate of change from 2003 to
2007, we locate the corresponding points

(2003,0) and (2007,1.1) . Using these two

points we calculate the average rate of change

2007-2003 4

The average rate of change of total employment
from 2003 to 2007 increased approximately
0.28% per year.

To find the average rate of change from 2007 to
2012, we locate the corresponding points

(2007,1.1) and (2012,1.9) .

18.

19.

Chapter 1 Differentiation

Using the two points on the previous column we
calculate the average rate of change
19-1.1 08 _

2012-2007 5
The average rate of change of total employment
from 2007 to 2012 increased approximately
0.16% per year.

To find the average rate of change from 2003 to
2012, we locate the corresponding points

(2003,0) and (2012,1.9). Using these two
points we calculate the average rate of change
1.9-0 1.9
2012-2003 9
The average rate of change of total employment

from 2003 to 2012 increased approximately
0.21% per year.

0.16.

=0.2111=0.21.

Locate the points (2003,0) and (2007,1.6).
The average rate of change is

1.6-0 16
2007-2003 4
The average rate of change of construction

employment from 2003 to 2007 was
approximately 0.4% per year.

0.4.

Locate the points (2007,1.6) and (2012,5).

The average rate of change is
5-1.6 34
2012-2007 5
The average rate of change of construction
employment from 2007 to 2012 was
approximately 0.68% per year.

=0.68.

Locate the points (2003,0) and (2012,5).

The average rate of change is

_5=0 _5_ 0.56.

2012-2003 9

The average rate of change of construction
employment from 2003 to 2012 was

approximately 0.56% per year.

To find the average rate of change from 2003 to
2007, we locate the corresponding points

(2003,0) and (2007,1.4). Using these two

points we calculate the average rate of change
_ 140 _14_,3s

2007-2003 4

The average rate of change of professional
services occupations employment from 2003 to
2007 increased approximately 0.35% per year.

The solution is continued on the next page.
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To find the average rate of change from 2007 to
2012, we locate the corresponding points

(2007,1.4) and (2012,2.7) . Using these two
points we calculate the average rate of change
27-14 13
2012-2007 5
The average rate of change of professional
services occupations employment from 2007 to
2012 increased approximately 0.16% per year.

0.26.

To find the average rate of change from 2003 to
2012, we locate the corresponding points

(2003,0) and (2012,2.7) . Using these two

points we calculate the average rate of change
27-0 2.7

—_—= 0.3.
2012-2003 9

The average rate of change of professional
services occupations employment from 2003 to
2012 increased approximately 0.3% per year.

Locate the points (2003,0) and (2007,0.3).

The average rate of change is
03-0 03
2007-2003 4
The average rate of change of health care
employment from 2003 to 2007 was
approximately 0.08% per year.

Locate the points (2007,0.3) and (2012,0.8).

The average rate of change is

08-03 05
2012-2007 5
The average rate of change of health care
employment from 2007 to 2012 was
approximately 0.1% per year.

Locate the points (2003,0) and (2012,0.8).

The average rate of change is
_08-0 _08_ 0.088 = 0.09.
2012-2003 9
The average rate of change of health care
employment from 2003 to 20012 was

approximately 0.09% per year.

To find the average rate of change from 2003 to
2007, we locate the corresponding points

(2003,0) and (2007,-0.1). Using these two
points we calculate the average rate of change
0-(-0.1) 0.1

= =-0.025 = -0.03.
2007 -2003 4

=0.075=0.8. 2.

105

The average rate of change of education
employment from 2003 to 2007 increased
approximately —0.03% per year.

To find the average rate of change from 2007 to
2012, we locate the corresponding points

(2007,-0.1) and (2012,-0.7) . Using these two
points we calculate the average rate of change
-0.7-(-0.1) 0.6
2012-2007 5
The average rate of change of education

employment from 2007 to 2012 increased
approximately —0.12% per year.

=-0.12.

To find the average rate of change from 2003 to
2012, we locate the corresponding points

(2003,0) and (2012,-0.7) . Using these two
points we calculate the average rate of change
-0.7-0  -0.7
2012-2003 9
The average rate of change of education
employment from 2003 to 2012 increased
approximately —0.08% per year.

=-0.077 = —0.08.

Locate the points (2003,0) and (2007,0.3).

The average rate of change is

_03-0 _03_,075~0.0s.
2007-2003 4

The average rate of change of government
employment from 2003 to 2007 was
approximately 0.08% per year.

Locate the points (2007,0.3) and (2012,-1.7)..

The average rate of change is
-1.7-03 -2
2012-2007 5
The average rate of change of government
employment from 2007 to 2012 was
approximately —0.4% per year.

=-04.

Locate the points (2003,0) and (2012,-1.7) .
The average rate of change is

-1.7-0  -1.7
2012-2003 9
The average rate of change of government
employment from 2003 to 20012 was
approximately —0.19% per year.

=-0.188 = —0.19.
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23.

24.

To find the average rate of change from 2003 to
2007, we locate the corresponding points

(2003,0) and (2007,0.2). Using these two

points we calculate the average rate of change

_ 0220 _02_ps
2007-2003 4

The average rate of change of mining and
logging employment from 2003 to 2007
increased approximately 0.05% per year.

To find the average rate of change from 2007 to
2012, we locate the corresponding points

(2007,0.2) and (2012,3.8) . Using these two

points we calculate the average rate of change
3.8-02 3.6
2012-2007 5
The average rate of change of mining and
logging employment from 2007 to 2012
increased approximately 0.72% per year.

=0.72.

To find the average rate of change from 2003 to
2012, we locate the corresponding points

(2003,0) and (2012,3.8) . Using these two
points we calculate the average rate of change
38-0 38
2012-2003 9
The average rate of change of mining and

logging employment from 2003 to 2012
increased approximately 0.42% per year.

=0.4222 ~0.42

Locate the points (2003,0) and (2007,-0.8)..

The average rate of change is
-0.8-0 0.8

2007-2003 4

The average rate of change of manufacturing

employment from 2003 to 2007 was

approximately —0.2% per year.

Locate the points (2007,-0.8) and (2012,2.7).

The average rate of change is
27-(-0.8) 35
2012-2007 5

The average rate of change of manufacturing

employment from 2007 to 2012 was

approximately 0.7% per year.

Locate the points (2003,0) and (2012,2.7) . The

average rate of change is

27-0 27
2012-2003 9
The average rate of change of manufacturing
employment from 2003 to 20012 was
approximately 0.3% per year.

=-0.2.

0.7.

0.3.

25.

26.

Chapter 1 Differentiation

In order to find the average rate of change from
1982 to 1992, we use the data points

(1982,73.10) and (1992,85.78) . The average

rate of change is
85.78—-73.10 12.68

1992 -1982 10
Between the years 1982 to 1992 the average rate
of change in U.S. energy consumption was
about 1.268 quadrillion BTUs per year.

=1.268.

In order to find the average rate of change from
1992 to 2002, we use the data points

(1992,85.78) and (2002,97.65) . The average

rate of change is
97.65-85.78 _11.87 _ 1187
2002 -1992 10

Between the years 1992 to 2002 the average rate

of change in U.S. energy consumption was

about 1.187 quadrillion BTUs per year.

In order to find the average rate of change from
2002 to 2012, we use the data points

(2002,97.65) and (2012,95.10). The average

rate of change is
95.10-97.65 _ -2.55 _ 0255
2012-2002 10

Between the years 2002 to 2012 the average rate

of change in U.S. energy consumption was

about —0.225 quadrillion BTUs per year.

Using the points (2007,84.3) and (2009,44.7)

the average rate of change is

44.7-843 -39.6
2009 -2007 2
Between 2007 and 2009, the average rate of
change of the U.S. trade deficit with Japan was
—19.8 billion dollars per year.

=-19.8

Using the points (2009,44.7) and (2011,63.2)

the average rate of change is

63.2-44.7 185
2011-2009 2
Between 2009 and 2011, the average rate of
change of the U.S. trade deficit with Japan was
9.25 billion dollars per year.

=9.25

The solution is continued on the next page.
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Using the points (2011,63.2) and (2013,61.6)

the average rate of change is

61.6-632 -1.6
2013-2011 2
Between 2011 and 2013, the average rate of
change of the U.S. trade deficit with Japan was
—0.8 billion dollars per year.

=-0.8

a) From O units to 1 unit the average rate of
change is
70-0 . .

10 = 70 pleasure units per unit.

From 1 unit to 2 units the average rate of

change is

109-70 39 . .
1 = — = 39 pleasure units per unit.

From 2 units to 3 units the average rate of

change is

138—-109 29 . .

3.3 = EN = 29 pleasure units per unit.

From 3 units to 4 units the average rate of

change is

161-138 23

4—3 =1 = 23 pleasure units per unit.

b) . Answers will vary. As you consume
more and more of a good, the additional
utility, or amount of pleasure, associated
with that good will start to fall. The
additional satisfaction from the 1*' to the 2™
slice of pizza is greater than the additional
satisfaction from the 9" to the 10™ slice of
pizza.

a) N(0)=0, N(1)=300
300-0

=300 units per thousand dollars.

N(1)=300, N (2)=480

480-300
2-1

N (2)=480, N (3)=600

600—-480
3-2

N (3)=600, N (4)=700

700 - 600
4-3

b) N As spending on advertising increases,

there are few increases in sales from each
additional amount of spending.

= 180 units per thousand dollars.

=120units per thousand dollars.

=100 units per thousand dollars.

29.

30.

31.

32.

107
p(x)=0.06x> —0.5x% +1.64x +24.76

a) p(4)=0.06(4) -0.5(4)" +1.64(4)+24.76
p(4)=27.16

b) p(6)=0.06(6) —0.5(6)" +1.64(6)+24.76
p(6)=29.56

¢) P(6)-p(4)=29.56-27.16 =2.40

g 2O-PH)_240_,

6-4 2
This result implies that the average price of
a ticket between 2012 (x =4) and 2014
(x =6) grew at an average rate of $1.20 per
year.

A(t)=2000(1.015)"
a) A(3)=2000(1.015)* = 239124
b) A4(5)=2000(1.015)*" = 2693.71

c) A(5)-4(3)=2693.710013-2391.236343
=302.47
0 A(5§—;1(3) _ 3024736702 _ ) 5acens

The value of the account grew at a rate of
$151.24 per year between the 3™ and 5™
year of the investment.

(¢
P(8
(5) = 5400(0.975)° = 4757.916 = 4758
P(8)-P(5) 4410-4758
8-5  8-5
The population of Payton county lost on

average 116 people per year between the 5™ and
8™ years after the last census.

1

~

=
Il

5400(0.975)
5400(0.975)" = 4409.919 ~ 4410

~— ~—
Il

v

=-116

P(1)=17,000(1.042)
P(6)=17,000(1.042)° = 21,759.82
P(2)=17,000(1.042)" =18,457.99

P(6)-P(2) 21,759.82~18,457.99
6-2 6-2

The undergraduate population of Harbor

College was rising on average at a rate of

825.46 students per year between the 2™ and 6

years.

=825.46
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33.

34.

3s.

C(x)=-0.05x> +50x

First substitute 305 for x.

C(305) = -0.05(305)" +50(305)
=-4651.25+15,250

=10,598.75

The total cost of producing 305 units is
$10,598.75.
Next substitute 300 for x.

C(300) = -0.05(300) +50(300)
=—4500+15,000

=10,500.00

The total cost of producing 300 units is
$10,500.00.

Now we can substitute to find the average rate
of change.

C(305)-C(300) 10,598.75-10,500
305-300 305-300
_98.75

5
=19.75

The average cost of production between the
300" unit and 305™ unit is 19.75 per unit.

R(x)=-0.001x* +150x

R(305) = —0.001(305)" +150(305)
=45,656.975

R(300) = —-0.001(300)” +150(300)
=45,910.00
Therefore,
R(305)-R(300) 45,656.975—45,910.00
305-300 5
=149.395 ~ 149.40
The average increase in revenue between the

sales of the 300" unit and the 305" unit is
$149.40 per unit.

Note: Answers will vary according to the values
estimated from the graph.
a) Locate the points (0,8) and (12,20) on the

girls growth median weight chart. Using
these points we calculate the average growth
rate.

20-8 12

12-0 12

The average growth rate of a girl during her
first 12 months is 1 pound per month.

36.

Chapter 1 Differentiation

b) Locate the points (12,20) and (24,26.5) on

the girls growth median weight chart. Using
these points we calculate the average growth
rate.

265-20 65 _ 5416054,
2%-12 12

The average growth rate of a girl during her
second 12 months is approximately 0.54
pounds per month.

¢) Locate the points (0,8) and (24,26.5) on

the girls growth median weight chart. Using
these points we calculate the average growth
rate.

265-8 _185 _ 77083 <0.77.

24-0 24
The average growth rate of a girl during her
first 24 months is approximately 0.77
pounds per month.

d) We estimate the growth rate of a 12 month
old girl to be approximately 0.67 pounds per
month. This answer will vary depending
upon your tangent line.

e) The graph indicates that the growth rate is
fastest during the first 3 months.

Note: Answers will vary according to the values
estimated from the graph.

a) Locate the points (0,8) and (15,25) on the

boys growth median weight chart. Using
these points we calculate the average growth
rate.
278 _ 17 133=1.13.
15-0 15
The average growth rate of a boy during his
first 15 months is 1.1 pound per month.

b) Locate the points (15,25) and (30,30)on

the boys growth median weight chart. Using
these points we calculate the average growth
rate.

30-25 5

30-15 15
The average growth rate of a boy during his
second 15 months is approximately 0.3
pounds per month.

=0333=023.
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¢) Locate the points (0,8) and (30,30) on the

boys growth median weight chart. Using
these points we calculate the average growth

rate.
30-8_22_ 0.7333=0.7.
30-0 30

The average growth rate of a boy during his
first 30 months is approximately 0.7 pounds
per month.

d) \.We estimate the growth rate of a 15
month old boy to be approximately 0.5
pounds per month. We used a straight edge
to draw a line tangent to the curve at the

point (15,25) and found the slope of that

line. This answer will vary depending upon
your tangent line.

37. H(w)=0.11w"

a) First we substitute 500 and 700 in for w to
find the home range at the respective
weights.

H (500)=0.11(500)
=0.11(4683.809314)
=515.2190246
=~515.22

H(700)=0.11(700
=0.11(7401.731628)

=814.1904791

=814.19
Next we use the function values to find the
average rate at which the mammal’s home
range will increase
H (700)- H (500) 814.19-515.22
700-500 700-500
29897
200

~1.49485
The average rate at which a carnivorous
mammal’s home range increases as the
animal’s weight grows from 500 g to 700 g
is approximately 1.49 hectares per gram.

b) First we substitute 200 and 300 in for w to

find the home range at the respective
weights.

H(200)=0.11(200)
=0.11(1347.102971)
=148.1813269
~148.18

1.36

)1‘36

1.36

109

H (300)=0.11(300
=0.11(2338.217499)

=257.2039249

=257.20
Next we use the function values to find the
average rate at which the mammal’s home
range will increase
H(300)— H(200) 257.20-148.18
300-200 300-200
_109.02
100

=1.0902
The average rate at which a carnivorous
mammal’s home range increases as the
animal’s weight grows from 200 g to 300 g
is approximately 1.09 hectares per gram.

)1,36

38. R(x)=11.74x"
a) First, find the function values.
R(40,000) =11.74(40, 000)% =166.03

R(60,000)=11.74(60,000)* ~183.74

Next find the average rate of change:

R(60,000)— R(40,000)  183.74—166.03
60,000—-40,000 60,000 40,000

= (0.00089
The rate at which the maximum radar range
changes as peak power increases from
40,000 W to 60,000 W is approximately
0.00089 miles per watt.
b) First, find the function values.

R(50,000) =11.74(50,000)* = 175.55

R(60,000) =11.74(60, 000)% =183.74
Next find the average rate of change:
R(60,000) - R(50,000) 183.74-175.55
60,000—50,000 60,000 - 50,000
_ 819
10,000
= 0.00082
The rate at which the maximum radar range
changes as peak power increases from

50,000 W to 60,000 W is approximately
0.00082 miles per watt.
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39. a) We locate the points (0,0) and (8,10)on the

40.

b)

a)

b)

graph and use them to calculate the average

rate of change.
1020 _10_5_, 5
8-0 8 4
The average rate of change is 1.25 words per
minute.

We locate the points(8,10) and (16,20) on

the graph and use them to calculate the

average rate of change.
20210 _10_5_, s
16-8 8 4
The average rate of change is 1.25 words per
minute.

We locate the points (16,20) and (24,25) on

the graph and use them to calculate the

average rate of change.
25220 5 _ 625
24-16 8
The average rate of change is 0.625 words
per minute.

We locate the points (24,25) and (32,25) on

the graph and use them to calculate the
average rate of change.

25-25 0
32-24 8
The average rate of change is 0 words per
minute.

We locate the points (32,25) and (36,25)on

the graph and use them to calculate the
average rate of change.

25-25 0

36-32 4

The average rate of change is 0 words per
minute.

. Answers will vary. The person has
reached a saturation point after 24 minutes.
They cannot memorize any more words.

We use the two points
(0,30680) and (13.5,31077).

31,077-30,680 397
13.5-0 13.5
The car averaged 29.4 miles per gallon.
To find the average rate of gas consumption
in gallons per mile, we take the reciprocal of
part (a).
13.5-0 135
31,077-30,680 397
The car consumed approximately 0.034
gallons per mile on the trip.

=294

=0.034

41.

42,

43.

Chapter 1 Differentiation

s(t)=16t>

a) First, we find the function values by
substituting 3 and 5 in for # respectively.
s(3)=16(3)" =16(9) = 144
5(5)=16(5)" =16(25) =400
Next we subtract the function values.
5(5)-s(3)=400-144 =256
The object will fall 256 feet in the two

second time period between t=3 andr=5.
b) The average rate of change is calculated as

s(5)-s(3) _ 400-144
5-3  5-3

=ﬁ=128
2

The average velocity of the object during the
two second time period from t =3 tot=51is
128 feet per second.

s(t)=10¢

a) First, find the function values.
s(2)=10(2)* =40
5(5)=10(5)’ = 250
Therefore,
s(5)-5(2)=250-40=210.
This represents the distance the truck

traveled, 210 miles, in the three hour period
from r=2andt=35.

b) We have:
s(5)-s(2) 250-40 _210 .
5-2 5-2 3

The average velocity of the truck for the
three hour period between
t =2 and ¢ = 5 was 70 miles per hour.

a) For each curve, as ¢ changes from 0 to 4,
P (t) changes from 0 to 500. Thus, the

average growth rate for each country is
200-9 300 _ 55,
4-0 4
The average growth rate for each country is
approximately 125 million people per year.
b) N No; and average rate of change does not
give an indication of the growth patterns of
the two populations during the 4 years for
which it was calculated.
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<)

d)

For Country 4:
As ¢t changes from O to 1, P(t) changes from

0 to 290. Thus the average growth rate is
290-0

=290 million people per year.

As ¢t changes from 1 to 2, P(t) changes from

290 to 250. Thus the average growth rate is
250-290
2-1
As t changes from 2 to 3, P (t) changes from

= —40 million people per year.

250 to 200. Thus the average growth rate is
w =—50 million people per year.

As t changes from 3 to 4, P (¢) changes from

200 to 500. Thus the average growth rate is
500-200
4-3

For Country B we calculate the average
growth rates at the top of the next column.
As t changes from 0 to 1, P(¢) changes from

=300 million people per year.

0 to 125. Thus the average growth rate is
125-0

=125 million people per year.

As t changes from 1 to 2, P () changes from
125 to 250. Thus the average growth rate is
250-125
2-1
As ¢t changes from 2 to 3, P(t) changes from

=125 million people per year.

250 to 375. Thus the average growth rate is
375-250

=125 million people per year.

As ¢t changes from 3 to 4, P(t) changes from

375 to 500. Thus the average growth rate is
500-375
4-3
\. The statement most accurately reflects

the information found in Country B.

Country B shows linear growth, which
implies a constant rate of change.

=125 million people per year.

. Answers will vary. The first graph shows a
constant average rate of change while the
second graph has average rate of change that
varies on an increasing trend. The first graph
shows a decreasing rate of change, while the
second graph shows a varying rate of change.

45.

46.

a)

b)

111

Tracing along the 4-year private school
graph, we see that the largest increase in
costs occurred in the 2006-07 year.

Tracing along the 4-year public school
graph, we see that the largest increases in
costs occurred during the 2003-04 year and
the 2008-09 year.

For the 4-year public school, the cost in year
2010 dollars is approximately $10,711. To
find out what the cost was in 2000 dollars
assuming a 3% inflation rate over the 10
years we create the following equation using
the simple compound interest formula from

section R1. C(1+7) = 4.
C(1+.03)° =10,711

C(1.03)"° =10,711
o 10711

(1.03)"

C =7969.989 = 7970
The cost of attending a 4 year public school
in 2000 was $7970 in year 2000 dollars.
Likewise, for the 4-year private school, the
cost in year 2010 dollars is approximately
$27,054.
To find out what the cost was in year 2000
dollars assuming a 3% inflation rate over the
10 years we create the following equation
using the simple compound interest formula

from section R1 C(1+ r)t =4.

C(1+.03)° =27,054
C(1.03)"° =27,054

27,054
C= 10
(1.03)
C =20,130.71
C =20,130

The cost of attending a 4 year private school
in 2000 was $20,130 in year 2000 dollars.

f(x)zmx+b
fx+h)=f(x) (m(x+h)+b)—(mx+b)
h - h
_mx+mh+b—mx-b
- h
_mh
T h
=m
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47. f(x)zax2+bx+c
Substituting x + 4 for x we have,
f(x+h)=a(x+h)2+b(x+h)+c
=a()c2 +2xh+h2)+bx+bh+c

= ax’ +2axh+ah* + bx+bh +c

Thus,
x+h)—- f(x
W Difference quotient
(ax2 +2axh+ah® +bx +bh + c) - (a)c2 +bx + c)
- h
_ 2axh+ah® +bh
h
h (Zax +ah+ b) )
= T Factoring the numerator
=2ax+ah+b Simplified difference quotient

48. f(x)= ax® + bx*
f(x+h)—f(x)
h
a(x+h)3 +b()c+h)2 —(a)c3 +bx2)
h
a(x 4350+ 30 + 1)+ b (x> + 2 ) = = b

h

ax’ +3ax’h+3axh’ +ah’ +bx” +2bhx + bh’ — ax’ — bx’

h
3ax’h+3axh® +ah’ +2bhx + bh*
B h
h (3ax2 +3axh+ah® +2bx + bh)
h
=3ax* +3axh + ah® + 2bx + bh

Chapter 1 Differentiation

49, f(x) =x*
Substituting x + 4 for x we have,
f(x+h)=(x+h)"

=x* +4xn+6x2h% +4xh® + n*

Thus,
+h)-
M Difference quotient
(x4 +4x h+6x*h* +4xh® +n* ) - (x4)
- h
_A4xXh+6x°h +4xh® + b
h
h(43° +6x°h+4xh® + 1)
= P Factoring the numerator

=4x> +6x°h+4xh* + h? Simplified difference quotient

50. f(x) =x°
feeh)-f ()
h
7(x+h)5—x5
h
(x5 +5x h+10x° 0% +10x%0% + 5xh* +h5)— (x4)
h
_Sx h+10x°R +10x%R° + 5xh* +
h
h(5x* +10x%h+ 1057 K% + 5xh® + 1
h

=5x* +10x°h +10x%h% + 5xh° + h*
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51. f(x) =ax’ +bx*
Substituting x + 4 for x we have,
f(x+h)=a(x+h) +b(x+h)*

= ax’ +5ax* h +10ax>h? +10ax’h’ + 5axh* + ah® + bx* + 4bx>h + 6bx*h* + 4bxh> + bi*

Thus,
+h)-
M Difference quotient
ax’ +5ax*h+10ax*h* +10axh’ + 5axh* + ah® + bx* + 4bx>h + 6bx*h? + 4bxh® + bh* - (ax5 + bx4)
- h
_Sax*h+10ax’h? +10ax* i’ + Saxh® +ah’ + 4bx’h+ 6bx*h* + 4bxh® +bh*
h
h(5ax* +10axh+10ax”h® + Saxh® +ah* +4bx* +6bx>h-+ 4bxh? + bi’ )
= Factoring the numerator
h
=5ax* +10ax’ h +10ax*h? + 5axh’ + ah* + 4bx> + 6bx* h+ 4bxh* + bh® Simplified difference quotient
1 1
52. f(x)=—2 53. f(x)zl—
X - X
Substituting x+/ for x we have, f(x+ h) - f(x)

1
f(x+h)= (x+h)2 Thus,

S(xth)-f(x) 1—(i+h _(l—lx)

) Difference quotient B )
- h
1 _(IJ 1 1-x (1 1-x-h
(x+n) | \& Cl-x—h 1-x 1—x'1—x—h)
1—x 1-x—-h

We find a common denominator in the numerator. _

( | sz [1 (Hh)zJ =(l—x—h)(l—x)h(l—x—h)(l—x)

(x+h)2 X X (x+h)2 h
h _(1=x-n)(1-x)
X x4k h’ - h
x’ (Jc+h)2 x? (x+ h)2 = h 1
= p (—x—h)(1-x) &
~2xh— _ 1
xz(x-l—h)z (l—x—h)(l—x)
h
_ 2xh-h* 1
- x? (x+h)2 h
_h(-2x-h) 1
- x? (x+ h)2 h
= ﬂ Simplified difference quotient
x? (x+h)2
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54, f(x)=+x
The difference quotient is:
S(x+h)=f(x) _xrh-+x
h

h

o i ey
h Jx+h ++/x
x+h+xx+h —x[x+h-x
h(\/m+\/;)
(x+h)—x
h(mﬂ/;)
h

d ———

W h )

b)

¢)

1
AN S

55. f(x)=+2x+1
Substituting x + 4 for x we have,
fx+h)=2(x+h)+1
Thus,
w Difference quotient
2(x+h)+1-+2x+1

h

Next we rationalize the numerator and simplify.

V2t n)+1=V2x+1 (2(x+h)+1++/2x+1
h .\/2(x+h)+1+\/2x+1
2(x+h)+1-(2x+1)
h( 2(x+h)+1+\/H)

2x=2h+1-2x-1

:h(1/2(x+h)+1+x/2x+1)
B 2
_h(,/z(x+h)+1+\/2x+l)
=)
:./2(x+h)+1+\/2x+1

Chapter 1 Differentiation

Reason: Multiplying by 1.

Reason: Expanding the numerator.

Reason: \/;\/x+h —\/;\/x+h =0.

Reason: ﬁ =1
h

Reason: x—x=0.

1

56. f(x)=$

Substituting x+ /4 for x we have,
1

f(x+h)= N

Thus,
f (x + h) -f (x)
h
Sriat
- h
Find a common denominator in the numerator.

(et

Difference quotient

h
=\/;\/x+h \/;\/x+h
h
i —J5Th
_ Nxx+h
h

= \/;_ VX+h 1 Simplifying the

_\/;— [c+h h complexfraction

Flesh)- () x—Th
h hxx+h

Next, we rationalize the numerator on the next
page.
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Rationalizing the numerator, we have:
Fx+h)=f(x) x—Nx+h Jx+Jxth
h T xVxth Nx+x+h
B x—(x+h)

"I (V)

3 —h
"Ik (V)

-1

_&m(&wm)
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Exercise Set 1.4

—1F

Xx-axis is tangent
to curve at (0, 0).

¢) Find the simplified difference quotient first.

d)

f(x+h)—f(x)
h

1 2 1 5

5(x+h) X

lx2 +xh+lh2 —lx2
2 2 2

h

xh+Lp?
_ 2

1
=x+ Eh Simplified difference quotient

Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.

limM= lim(x+lhj

h—0 h h—0 2
=x

Thus, f'(x)=x.

Find the values of the derivative by making
the appropriate substitutions.

f'(—z) = (—2) =—2 Substituting —2 for x
/'(0)=(0)=0
1)==1

Substituting 0 for x

Substituting 1 for x

d)

Chapter 1 Differentiation

1T T 1 17 1T T 17T

=N WA UO N 0O

X-axis is tangent
to curve at (0, 0).

Find the simplified difference quotient first.
f(x+ h) - f(x)
h
3 (x+ h)2 3 x*
2 2
h
E(xz +2xh +h2)—§x2
2 2
h
gx2 +3xh +§h2 —gx2
2 2 2
h
3xh+ 2 i
- 2

3
=3x+ Eh Simplified difference quotient

Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.

1imw= lim(3x+ih)

h—0 h h—0 2
=3x

Thus, f'(x)=3x.

Find the values of the derivative by making
the appropriate substitutions.

f'(—z) = 3(—2) =—6 Substituting — 2 forx
£'(0)=3(0)=0
f'(1)=3(1)=3

Substituting 0 for x

Substituting 1 for x
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f(x)= —2x*
a), b)

Xx-axis is tangent
to curve at (0, 0).
Y.
1

I |

¢) Find the simplified difference quotient first.
f (x+h) -f (x)
h
-2 (x+h) —(-247)
- h
-2 (x2 +2xh+h? ) - (—2x2 )
h
_=2x% —4xh-2h% +2x°
- h
_ —4xh-2h’
ok
_h (—4x-2h)
- h
=—4x—-2h  Simplified difference quotient
Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.
limw = lim (—4x - Zh)
h—0 h h—0
=—4x
Thus, f’(x) =—4x.
d) Find the values of the derivative by making
the appropriate substitutions.
f'(—Z) = —4(—2) =8 Substituting — 2 for x
f'(O) = —4(0) =0  Substituting 0 for x
f'(l) = —4(1) =—4 Substituting 1 for x

117

f(x)=-3x
a), b)

x-axis is tangent
to curve at (0, 0).

N

¢) Find the simplified difference quotient first.
f (x+h)— f (x)
h
—3(x +h)2 - (—3x2)
h
3(x? + 20k +h? )= (-3x?)
h
_ =3x" —6xh—3h% +3x°
- h
_ —6xh-3h"
ok
_h (—6x—3h)
S
=—-6x—-3h  Simplified difference quotient
Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.
limw = lim (—6x—3h)
h—0 h h—0

=—6x
Thus, f'(x)=—6x.

d) Find the values of the derivative by making
the appropriate substitutions.

f'(—2) =-6 (—2) =12 Substituting —2 for x
f'(O) =-6 (0) =0  Substituting 0 for x
f'(l) = —6(1) =—6 Substituting 1 for x
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0

8

01 x-axis is tangent
4T to curve at (0, 0).
2

L

23 45«x
N~ -1

|
=)
T T 1T

c) Find the simplified difference quotient first.
f(x+h)—f(x)
h
—(x+h)3 - (—x3)
h
~(«* + 3%+ 300 + 17 ) = (7
- h
B —x>=3x*h=3xh* —h* +x°
h
-3x°h—3xh* - i’
B h
h(=3x> =3xh—1’)
h

_ 2.2 _ 72 Simplified
==3x"=3xh—h difference quotient

Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.

+h)-
i O =S (-3 - 3xh-1%)
h—0 h h—0
=-3x?
Thus, f’(x) =3x%.
d) Find the values of the derivative by making
the appropriate substitutions.

£'(~2)=-3(=2)* = =12 Substituting 2 forx
f'(O) =-3 (0)2 =0  Substituting 0 for x
f'(l) = —3(1)2 =-3 Substituting 1 for x

Chapter 1 Differentiation

+ o
T T T T

Xx-axis is tangent
to curve at (0, 0).

¢) Find the simplified difference quotient first.
f(x+h)—f(x)
h

(x + h)3 - (x3 )
=

(x+ 362+ 300> +1°) = ()
B h
C3x7h43xh 4+ B

h

h(3x> +3xh+ 1)
B h
=3x% +3xh+h’

Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.

limw - 1im(3x2 +3xh +h2)
h—0 h h—0

=3x2

Simplified
difference quotient

Thus, f’(x) =3x%.
d) Find the values of the derivative by making
the appropriate substitutions.

f'(—2) = 3(—2)2 =12 Substituting —2 for x
f'(O) = 3(0)2 =0  Substituting 0 for x
f'(l) = 3(1)2 =3 Substituting 1 for x

Note: for linear functions the tangent line is the
line itself.
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¢) Find the simplified difference quotient first.

f(x+h)—f(x)

h
_2(x+h)+3-(2x+3)
- h
2x+2h+3-2x-3
- h
2k
Tk

=2  Simplified difference quotient

Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.

f(x+h)—f(x)

lim =lim(2)
h—0 h h—0
=2

Thus, f'(x)=2.

d) Since the derivative is a constant, the value
of the derivative will be 2 regardless of the
value of x.

f '(—2) =2  Substituting —2 for x
f '(0) =2  Substituting 0 for x
f' (l) =2  Substituting 1 forx

f(x)=—2x+5
a), b)
Y.
A
L
N s
M
5L
1k
EEE RN é\'xnl >
S

Note: for linear functions the tangent line is the
line itself.
¢) Find the simplified difference quotient first.

f(x+h)—f(x)

h
_ 2(x+h)+5-(2x+5)
- h
_ 2x-2h+5+2x-5
- h
=2
T h

=-2  Simplified difference quotient

119

Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.

f(x+h)—f(x)

lim = lim (-2)
h—0 h h—0
=-2

Thus, f'(x)=-2.

d) Since the derivative is a constant, the value
of the derivative will be -2 regardless of
the value of x.

f '(—2) =—2  Substituting —2 for x
f '(0) =-2  Substituting 0 for x
I (l) =-2  Substituting 1 for x

a), b)

Note: for linear functions the tangent line is the
line itself.
¢) Find the simplified difference quotient first.

f(x+h)—f(x)

h
3(x+h)—2—(3x—2)
4 4
h
gx+§h—2—§x+2
_4" 4 4
h
2
=4
h

3
= Z Simplified difference quotient

Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.

lim M = lim [ij
h—0 h h—o\ 4
_3
4
3
Thus, f'(x)= 7

Copyright © 2016 Pearson Education, Inc.



120

d) Since the derivative is a constant, the value

of the derivative will be % regardless of the

value of x.
f'(=2) =% Substituting — 2 for x
3 o
f' (0) = " Substituting 0 for x
3 o
f '(l) =7 Substituting 1 for x
1
10. f (x) = Ex -3
a), b)
Y.
A
sk
2.—
i

/f:—
sk
_6_

Note: for linear functions the tangent line is the
line itself.
¢) Find the simplified difference quotient first.

f(x+h)—f(x)

h
1(x+h)—3—(1x—3)
_2 2
h
lx+lh—3—lx+3
- 2 2
h
L
=2
h

1
= E Simplified difference quotient

Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.

+h)—
A C LD LNAC) T (LJ
h—0 h h—0\ 2

!
2

N | —

Thus, f’(x) =

11.

Chapter 1 Differentiation

d) Since the derivative is a constant, the value

of the derivative will be % regardless of the
value of x.

/'(=2)=

Substituting —2 for x
Substituting 0 for x

7(0)-

Substituting 1 for x

70

= = |~

f(x) =x>+x
a), b)

HIN WU N o

T T T T T 17T

|
—
T

L 0,0

¢) Find the simplified difference quotient first.
Flxh)- 1 (x)
h
(x+h)2 +(x+h)—(x2 +x)
- h
X2 H2xh+ P+ x+h—x" —x
- h
_2xh+h*+h
- h
_h(2x+h+1)
- h
=2x+h+1 Simplified difference quotient
Now we will find the limit of the difference

quotient as & — 0 using the simplified
difference quotient.

f(x+h)—f(x)

lim = lim (2x+h+l)
h—0 h h—0
=2x+1

Thus, f’(x) =2x+1.

d) Find the values of the derivative by making
the appropriate substitutions.

f(-2)=2(-2)+1=-3
£1(0)=2(0)+1=1
£1(1)=2(1)+1=3
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12. f(x)zxz—x

a), b)
Y,
sl f
7k
(=2, 6) 6F
sk
e
3L
Sk
0.0
1 1 1 1 1
3 2 -1_ 1\\2 3%
/z— 1,0

¢) Find the simplified difference quotient first.
Referring to Exercise Set 1.3, Exercise 5 we
know the simplified difference quotient is:

f (x + h) -f (x)
h

Now we will find the limit of the difference

quotient as 4 — 0 using the simplified

difference quotient.

fim L1 (x) lim (2x+/—1)
h—0 h h—0
=2x-1
Thus, f'(x)=2x-1.
d) Find the values of the derivative by making
the appropriate substitutions.

f(-2)=2(-2)-1=-5
7'(0)=2(0)-1=-1
1()=2()-1=1

=2x+h-1

13, f(x)=-5x"-2x+7

a), b)
Y
0,7
6
5_
4_
3_
2+ (1,0)
1_
1 | Il | |
=3 -2 F L 2 3%
2+
3+
_4_
_5_
_6_
-7+
(=2,-9) -8
e

121

¢) Find the simplified difference quotient first.

f(x+h)—f(x)

h

(—S(x+h)2 —2(x-i—h)-i—7)—(—5x2 —2x+7)
- h

—5(x2+2xh+h2)—2x—2h+7+5x2+2x—7
- h
_ =5x" —10xh—5h* —2x—2h+7+5x> +2x—7
- h
_ —10xh—5h* —2h
-
_ h(-10x-5r-2)
=

=—10x—5h—2 Simplified difference quotient

Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.

limwz lim (-10x—5h - 2)
h—0 h h—0

=-10x-2
Thus, f'(x)=-10x-2.

d) Find the values of the derivative by making
the appropriate substitutions.

f'(-2)=-10(-2)-2=18
£'(0)=-10(0)-2=-2
f'(H)=-10(1)-2=-12

14, f(x)=-2x"+3x-2
a),b)

T
2345%x

©0,-2)
(=2,-16)
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¢) Find the simplified difference quotient first.
f (x+h) -f (x)

h

(2 h) +3(v+)=2) (24 +35-2)
) h

=2 (x? + 20k + )+ 3x+3h =24 207 =3x +2
B h
_=2x" —dxh—2h% +3x+3h—-2+2x" —3x+2
- h
_ —4xh—2h" +3h
-
_ h(—4x—-2h+3)

h

=—4x—2h+3 Simplified difference quotient
Now we will find the limit of the difference
quotient as 4 — 0 using the simplified
difference quotient.
lim Slarh)=f(x) lim (—4x -2k +3)
h—0 h h—0

=-4x+3

Thus, f'(x) =—4x+3.

d) Find the values of the derivative by making
the appropriate substitutions.

f(-2)=-4(-2)+3=11
£'(0)=-4(0)+3=3
f'()=-41)+3=-1

15.

There is no tangent line for x =0

Chapter 1 Differentiation

¢) Find the simplified difference quotient first.

f(x+h)—f(x)

1
x (x + h) h
= _—1 Simplified difference quotient

b (x + h)

Now we will find the limit of the difference
quotient as & — 0 using the simplified
difference quotient.

+h)- -
fim £ (54) f(x)=1im( ! J

h—0 h h—0

Thus, f'(x) =_—21 .
X

d) Find the values of the derivative by making
the appropriate substitutions.

r1(-2)= (_‘21)2 -2
7'(0)= ;—)12; Thus, /'(0) does not exist.
IORFES
(1)
16. f(;:):%
a), b)

There is no tangent line
for x=0.
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¢) Find the simplified difference quotient first.
Referring to Exercise Set 1.3, Exercise 8, we
know that the simplified difference quotient
is:

f(x+h)-f(x) __ 2

h X (x + h)
Now we will find the limit of the difference
quotient as & — 0 using the simplified

difference quotient.

lim—f(x-l-h)_f(x):lim(—_z )
h—0 h -0\ x(x+h)
_2 18.
=3
Thus, f'(x)z_—g.
x

d) Find the values of the derivative by making
the appropriate substitutions.

(a2 L
f( 2)_(_2)2_ 5
/'(0)= &; Thus, /'(0) does not exist.
(=2 —_
T

17. From Example 2 we know that f'(x)=3x".
a) f'(-2)= 3(—2)2 =12, so the slope of the

line tangent to the curve at (-2,-8)is 12.

We substitute the point and the slope into
the point-slope equation to find the equation
of the tangent line.

y=N =m(x—x1)
y-(-8)=12(x(-2)
y+8=12x+24
y=12x+16

b) f'(0)= 3(0)2 =0, so the slope of the
line tangent to the curve at (0,0) is 0. We

substitute the point and the slope into the
point-slope equation to find the equation of
the tangent line.

y_ylzm(x_xl)

y=(0)=0(x=(0))

y=0

19.

123

c) f'(4)=3(4)" =48, so the slope of the
line tangent to the curve at (4,64)is 48. We

substitute the point and the slope into the
point-slope equation to find the equation of
the tangent line.

y=n =m(x—x1)
y—64=48(x—4)
y—64=48x-192

y=48x—-128

From Example 1 we know that f'(x)=2x.
a) At (3,9), f'(3)=2(3)=6.
y—y1=m(x—x1)
y—9=6(x—3)
y—9=6x-18
y=6x-9
b) At (-11), f'(~1)=2(~1)=-2.
y=yn=m(x-x)

y=1=-2(x-(-1))
y—1=-2x-2
y=-2x-1

¢) At (10,100), f'(10)=2(10)=20.
Yy=n zm(x—xl)
y—100=20(x-10)
y—100=20x-200
y=20x-100

From Exercise 16 we know that f"(x) = _—2 .
x

a) f'(1)= % = -2, so the slope of the line
1
tangent to the curve at (1,2)is 2. We
substitute the point and the slope into the

point-slope equation to find the equation of
the tangent line.

Y=n :m(x_xl)

y—2=—2(x—1)
y—2=-2x+2
y=-2x+4
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=2 =-2, so the slope of the
(-1)°

line tangent to the curve at (~1,-2)is —2.

b) f'(-1)=—

We substitute the point and the slope into

the point-slope equation to find the equation
of the tangent line.

Y=N =m(x—x1)
y=(-2)=-2(x~(-1))
y+2=-2x-2
y=—2x-4

9] fv(IOO) = (103)2 =-0.0002, so the slope of

the line tangent to the curve at (100,0.02) is

—0.0002. We substitute the point and the

slope into the point-slope equation to find
the equation of the tangent line.

y=y=m(x-x)
»=0.02 = -0.0002 (x—100)
$—0.02 = ~0.0002x +0.02
y=-0.0002x +0.04

20. First, we find /'(x).

fx+h)-f(x) (x_-l-lh)_[_xlj

h h
(o3 o)
h
e
, h
_ x(x+h)
h
_ 1
x(x+h)

Taking the limit as # — 0 we have:

lim f(x+h)—f(x)

= lim
h—0 h h—0 x(x+h)
_1
2
1
Thus, f'( )=—2.
X

Chapter 1 Differentiation

a) At (-L1): f'(-1)= =1

Y=n" :m(x_xl)

y=1=1(x~(-1))
y—1=x+1
y=x+2

b) At (2,-3; F1(2)=— =

1

=
|
—_

R
5 25 5
LU

25 5

21. First, we will find /()

f(e4h)=£(3)
h
((x+h)2—2(x+h))—(x2—2x)
h
_x2+2xh+h2—2x—2h—x2+2x
- h
_2xh+h*-2h
=
h(2x+h—2)
h
=2x+h—2 Simplified difference quotient
. o flx+h)-f(x
7= g LA
= lim (2x+/-2)

h—0
=2x-2
Thus, f'(x) =2x-2.

The solution is continued on the next page.
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a) f'(-2)=2(-2)-2=-6, so the slope of the
line tangent to the curve at (-2,8)is —6. We

substitute the point and the slope into the
point-slope equation to find the equation of
the tangent line.

y_ylzm(x_xl)
r-8=6(r-(2)
y—8=-6x—-12
y=-6x-4
b) f'(1)=2(1)-2=0, so the slope of the
line tangent to the curve at (1,—1) is 0. We

substitute the point and the slope into the
point-slope equation to find the equation of
the tangent line.

y_ylzm(x_xl)
y=(-1)=0(x-1)
y+1=0
y=-1
¢) f'(4)=2(4)-2=6, so the slope of the
line tangent to the curve at (4,8) is 6. We

substitute the point and the slope into the
point-slope equation to find the equation of
the tangent line.

y=yn=m(x-x)
y-8=6(x—4)
y—8=6x-24
y=6x-16

22. First, we find f'(x):
f(x+h)—f(x)

h

(4—(x+h)2)—(4—x2)
- h

4—()c2 +2xh+h2)—4+x2
- h
_A—x?-2xh—h*—4+x°
- h
_ —2xh—h*
-
3 h(—2x—h)
ok
=-2x—h  Simplified difference quotient

23.
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Thus,

fv(x) — I%E)r(l) f(x+hh)_f(x)
= lim (-2~ 1)
=-2x

a) At (-13), f'(-1)=-2(-1)=2.
y—y1=m(x—x1)
y=3=2(x=(-1))
y=3=2x+2

y=2x+5

b) At (0,4), f'(0)=-2(0)=0.
y_)ﬁ:m(x_xl)
y—4=0(x-0)
y—4=0

y=4
¢) At(5,-21), f'(5)=-2(5)=-10.
y—y1=m(x—x1)
y—(—21)=—10(x—5)
y+21=-10x+50
y=-10x+29

Find the simplified difference quotient for
f(x) =mx+b first.
£ (x+h)= £ ()
h
m(x+h)+b—(mx+b)
h
_mx+mh+b—mx-b
h

_mh

T h

=m  Simplified difference quotient

Now we will find the limit of the difference
quotient as & — 0 using the simplified

difference quotient.

f(x+h)—f(x)

lim = lim (m)
h—0 h h—0
=m

Thus, f'(x)=m.
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24.

25.

26.

f(x)zax2 +bx
f(x+h)—f(x)
h
(a(x+h)2 +b(x+h))—(ax2 +bx)
- h
a(xz+2hx+h2)+bx+bh—ax2—bx
h
_ ax? +2ahx +ah* + bx + bh — ax® — bx
h
_ 2ahx+ah® +bh
- h
a h(2ax+ah+b)
- h
=2ax+ah+b
Next we take the limitas 2 — 0

f(x+h)—f(x)

['(x)= lim p
= lim (2ax+ah+b)
h—0
=2ax+b

If a function has a “corner,” it will not be
differentiable at that point. Thus, the function is
not differentiable at x;,x4,x;. The function has
a vertical tangent at x;,. Vertical lines have

undefined slope, hence the function is not
differentiable at x;,. Also, if a function is

discontinuous at some point a, then it is not
differentiable at a. The function is
discontinuous at the point x,, thus it is not
differentiable at x,,.

Therefore, the graph is not differentiable at the
points X, X3, X4, Xg, X|7 -

The function is not differentiable at x,,x,, x5

because there is a “corner” at each of those
points. The function is not differentiable at
x,, xg because the function is discontinuous at

those points.

27.

28.

29.

30.

Chapter 1 Differentiation

If a function has a “corner,” it will not be
differentiable at that point. Thus, the function is
not differentiable at x;. The function has a
vertical tangent at x;. Vertical lines have

undefined slope, hence the function is not
differentiable at x,. Also, if a function is

discontinuous at some point a, then it is not
differentiable at a. The function is
discontinuous at the points x;, x,,x, , thus it is
not differentiable at x;,x,,x, .

Therefore, the graph is not differentiable at the
points x;, X5, X3, X4.

The function is not differentiable at
X1,X5,X3,Xy,Xg,X9,X]o Decause there is a
“corner” at each of those points. The function is
not differentiable at x5, x, because the function

is discontinuous at those points.

The following graph is continuous but not
differentiable, at x =3 .

3

9 8 7 6 5 4 3 -2 -1 o 1 2 3 4 5 6 71 8 9

The following graph is continuous with no
corners for all x but is not differentiable at
x=1.
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31. The following graph has a horizontal tangent 37. The largest increase occurs on December 13th.

lineat x=35. On this day rate of increase was 16 points per
day. The greatest decrease occurred on
December 10th. On this day rate of decrease
was 53 points per day.

38. The graph is not differentiable at each of the
| points x =9,10,11,12,13 because there is a

e “corner” at each of the values.

. 39. . The lines L,,Ly,L,, L appear to be tangent
lines. The slopes appear to be the same as the

32. The following graph has horizontal tangent line instantaneous rate of change of the function at
at x=0,x=2, andx=4. the indicated points.
. 40. ™. The graph is left to the student. As the
: points O approach P, the slopes of the secant
' lines approach the slope of the tangent line at P.
(V2
: 41. f(x)=x"
4 We found the simplified difference quotient in

Exercise 49 of Exercise Set 1.3. We now find

33. The following graph has horizontal tangent lines the limit of the difference quotient as 7 — 0.

at x =2 and x = 5 and is continuous but not Thus, i
differentiable at x=3. f(x)= 1imw
I h—0 h
: \/\ / = lim 4x’ + 6x>h +4xh” + b’
) h—0
j o 1 2 3 \5/6 5 = 4x3
: 42. f(x)= b
h l1-x
We found the simplified difference quotient in
34. The following graph is continuous with no Exercise 53 of Exercise Set 1.3. We find the
corners for all x but not differentiable at limit of the difference quotientas 2 — 0.
x=-1land x =2. Taking the limit, we have:
1 +h)—
i LGNS !
=0 h 0 (1-x—h)(1-x)
_ 1
(l—x—O)(l—x)
1
(1-x)
1
35. The postage function does not have any Thus, f'(x)= 2
“corners” nor does it have any vertical tangents. 1-x)

However it is discontinuous at all natural
numbers. Therefore the postage function is not
differentiable for 1, 2, 3,4, ... 12.

36. The taxi cab function is not differentiable at
0,0.2,0.4, 0.6, and so on.
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43.

44.

45.

46.

S (x)=x’

We found the simplified difference quotient in
Exercise 50 of Exercise Set 1.3. We now find
the limit of the difference quotientas 2 — 0.
Thus,

= lim 5x* +10x°h +10x%h% + 5xh> + h*
h—0

=5x*

We found the simplified difference quotient in
Exercise 52 of Exercise Set 1.3. We now find
the limit of the difference quotientas 2 — 0.

f(x+h)—f(x)

/()= lim, h
—2x-h
=lim———
’Hoxz(x+h)
-2x
YR
X (x+0)
_2x
A
_2
3
Thus, f'( )=—3

/() =x

We found the simplified difference quotient in
Example 8 of Section 1.3. We now find the
limit of the difference quotientas 2 — 0.

lim f(x+h)—f(x)

h—0 h

= lim

1
Chs0[x+h++[x
1
_\/x+0+\/;
1
2/x

f(x)=\/2x+1

We found the simplified difference quotient in
Exercise 55 of Exercise Set 1.3. We now find
the limit of the difference quotient as # — 0 at
the top of the next column.

47.

48.

Chapter 1 Differentiation

Finding the limit of the difference quotient, we
have:

limf(x+h)—f(x)
h—0 h
= lim 2

0 2 (x+h)+1+2x+1
~ 2
J2(x+0)+1+42x+1
_ 2
V2x+1++/2x+1
-2

22x+1

1
C 2x+l
1

Thus, f'(x)= .

us. f (x) 2x+1

xX)=—=
f)=7=
We found the simplified difference quotient in

Exercise 56 of Exercise Set 1.3. We now find
the limit of the difference quotient as # — 0.

f(x+h)—f(x)

lim
h—0 h
= lim -l
h—0 \/;\/m(\/;+\/x+h)
B -1
- \/;\/X-I‘O(\/;"'\/x'i'o)
-1
- x(Z\/;)
-1
- 2xx/;
Thus -

f(x) =ax’ +bx+c

We found the simplified difference quotient in
Exercise 47 of Exercise Set 1.3. We now find
the limit of the difference quotient as 7 — 0.
Thus,

f(x+h)—f(x)

() = lim -
f(x) hli% h
=lim2ax+ah+b
h—0
=2ax+b

Copyright © 2016 Pearson Education, Inc.



49.

50.

Exercise Set 1.4

a) The domain of the rational function is
restricted to those input values that do not
result in division by 0. The domain for

f(x): xx+3

except —=3. Since f (—3) does not exist, the

consists of all real numbers

function is not continuous at —3 . Thus, the
function is not differentiable at x =-3.

b) Answers will vary. The simplest way of
finding f'(4)is to use the nDeriv function

on your calculator. However, without using
advanced technology the easiest way is to
approximate the difference quotient using a
very small value of /4, and allowing the
calculator to perform the basic
computations. We illustrate using
h=0.0001. The difference quotient will be

f(x+h)=f(x)  f(4+0.0001)- f(4)

h 0.0001
Using the calculator to evaluate the function
we have:
£ (4.0001)=1.0001
f(#)=1

Plugging in these values we have:

£ (4+0.0001)— £(4) _1.0001-1 .
0.0001 ©0.0001

Therefore, /'(4)=1.

a) The domain of the rational function is
restricted to those input values that do not
result in division by 0. The domain for

2
+ i
g(x)= Y X consists of all real numbers
2x

except 0. Since g(0)does not exist, the

function is not continuous at 0 . Thus, the
function is not differentiable at x =0.

b) . Answers will vary. The simplest way of
finding ¢ '(3) is to use the nDeriv function

on your calculator. However, without using
advanced technology the easiest way is to
approximate the difference quotient using a
very small value of %, and allowing the
calculator to perform the basic
computations. We illustrate using
h=0.0001. The difference quotient will be

g(x+h)-g(x) g(3+0.0001)-g(3)
h 0.0001

51.

52.

a)

b)

b)

129

Using the calculator to evaluate the function
we have:

2(3.0001) = 18.00165005

g(4)=18

Plugging in these values we have:

g(3+0.0001)-¢(3) 18.00165-18
0.0001 ~0.0001

=16.5
Therefore, g'(3)=16.5 .

Looking at the graph of the function, we see
there is a “corner” when x = 3. Therefore,

k(x)= |x - 3| +2 is not differentiable at

x=3.

Using the piecewise definition of
k(x)=|x-3]+2

—(x—3)+2, for x<3

- (x—3)+2, for x>3

We notice that:

-1, forx<3
k(x)= ’

1, forx >3
Therefore,

k'(0)=-1 k'(1)=-1
k'(4)=1 k'(10)=1.
The “shortcut” is noticing that this function

is a linear function with slope m = —1 for
x<3andslope m=1for x>3.

Looking at the graph of the function, we see
there is a “corner” when x = -5. Therefore,

k (x) = 2|x +5| is not differentiable at
x=-5.
Using the piecewise definition of

k(x) = 2|x+5|
~ -2(x+5), for x<-5
2(x+53), for x>-5
We notice that:
-2, forx<-5
c)=|
2, forx > -5
Therefore,
k'(—lO) =-2; k'(—7) =-2;
k'(-2)=2  k'(0)=2.

The “shortcut” is noticing that this function
is a linear function with slope m = -2 for
x <—5and slope m=2for x>5.

Copyright © 2016 Pearson Education, Inc.



130

53.

54.

55.

56.

57.

The error was made when the student did not
determine the implied domain of the function.
2
x“+4x+3

X)=—"—"—=
/ ( ) x+1
is undefined at x =—1. Therefore, 1 (x) is not
differentiable at x =—1. Once the domain is

properly defined, the student can find the
derivative of the function.

The function g(x)=3/x has a vertical slope at

x=0. Therefore, g‘(x) is not defined atx =0.

The correct conclusion is that g (x) is

differentiable for all real numbers x except
x=0.

a) The function F (x)is continuous at x =2,
because
1) F(2) exists, F(2)=5
2) lim F(x)=5and lim F(x)=5,

x—2" x—2F
Therefore,

lim F (x) =5

x—2

3) 1isz(x)=5=F(2).

b) The function F (x)is not differentiable at

x = 2 because there is a “corner” at x = 2.

a) The function G (x) is continuous at x =1,
because
1) G(1) exists, G(1)=1
2) limG(x)=1
x—1

3) limG(x)=1=G(1).

b) The function G (x)is differentiable atx=1.

G'(1)=3.

In order for H (x)to be differentiable at x=3.
H (x) must be continuous at x = 3.1t must also

be “smooth” at x = 3 which means the slope as
x approaches 3 from the left must equal the
slope as x approaches 3 from the right.
For x<3
We find the derivative by differentiating the
piece of the function that is defined on the
interval x <3 . Therefore,

' _ d 2
H (x) = (2x x)

=4x-1.

58-63.

64.

Chapter 1 Differentiation

Therefore, when x=3
H'(3)=4(3)-1=11.
For x > 3 the derivative is given by
oy d
H (x) == (mx+b)
=m.
Using this information, we know in order for
the slope as x approaches from the right to equal
the slope as x approaches from the left, we must
have: m=11.
We also know:
lirgli H(x) =15,since H (3) =15. In order for
X—

H (x)to be continuous, we must have
lim H (x)=15.
x—3"

Using the above information and substituting
m =11we have:

lim 11(x)+b=15

x—3"
11(3)+b=15
33+b=15
b=-18

Therefore, the values m=11and b=-18 will
make H (x)differentiable at x =3.

Left to the student.

a) V(t)=5 =30 +45t+5t

120

b) First we find the function values
v (1)=5(1) =30(1) +45(1)+ 541

=25
V(5)=5(5) =30(5) +45(5)+5\5
~111.180

We can find the slope of the secant line
passing through the two points.

_re)-ra)
S 5-1
_111.180-25
51
_ 86.180
4
=21.545
The solution is continued on the next page.
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d)

Using the information from the previous
page and the point-slope equation we have:

V-Vi=m(t-1,)

V—25=21.545(t-1)

V —25=21.545¢t-21.545
V =21.545t+3.455

120

The average rate of change of the
investment between year 1 and year 5 is the
slope of the secant line between the two
points. That is, the average rate of change is
$21.545 million per year.

For (LV(1)) and (4,7 (4)):
From part (b) we know ¥ (1)=25.
v (4)=5(4) —30(4)" +45(4)+5J4

=30
@
4-1
30-25
41
=2 1666667
3
V-Vi=m(t—1)

V —25=1.666667(1—1)
V —25=1.666667t—1.666667

V =1.666667t+23.33333

V=1.67t+23.3
The average rate of change of the
investment between year 1 and year 4 is the
slope of the secant line between the two
points. That is, the average rate of change is
$1.67 million per year.
For (1,V(1)) and (3,7 (3)):
From part (b) we know ¥ (1)=25.
7(3)=5(3) =30(3)° +45(3)+5\3
= 8.660254
r3)-r{)

3-1
_ 8.660254-25
3-1

=—8.169873

131

V-Vi=m(t—1)

V-25=-8.169873(¢t-1)

V —25=-8.169873¢ +8.169873
V =-8.169873¢ +33.169873

V=-8.17¢t+33.17
The average rate of change of the
investment between year 1 and year 3 is the
slope of the secant line between the two
points. That is, the average rate of change is
—$8.17 million per year.

For (LV(1.5)) and (15,7 (1.5)):
From part (b) we know ¥ (1)=25.

v (1.5)=5(1.5) =30(1.5) +45(1.5)+51.5

=22.998724
V(1.5)-v (1)
1.5-1
_22.998724-25
151
= —4.002551
V-Vi=m(t—1)
V-25=-4.002551(r-1)
V —25=-4.002551¢+4.002551
V =-4.002551¢+29.002551
V' =-4.003¢+29.003
The average rate of change of the
investment between year 1 and year 1.5 is

the slope of the secant line between the two
points. That is, the average rate of change is

—$4 million per year. The graph of the
secant lines are shown:

1

n

0

e) Looking at the graph, the slope of the line

tangent to the graph at the point (l, V(l))
appears to be 0.

f) The value of the investment is changing at

approximately $0 per year after 1 year.

65. There is a vertical tangent at x =5, therefore,

f'(x)does not exist at x=5.
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Exercise Set 1.5

1. y=x*
& _d
dx dx
=8x"!

=8x’

Theorem 1

2. y=x'

10.

L =7x""=7x°
dx

3. y=-05x

Q_i 11.

-0.5
dx dx ( x)

= —O.Six
x

= —O.S(IxH)
=-0.5(x")

=-0.5 [ao - 1]

Theorem 3

Theorem 1

12.

4. y=-3x

D 3o 3
dx

13.

5. y=7
dy _d
dx dx
= Theorem 2

Constant function

14.

Theorem 3

Theorem 1

Chapter 1 Differentiation

y=2x15

% = 2(15x"") = 304"

y=x"
& _d
dx dx

=—8gx %! Theorem 1

d d, _
d—i}=a(3x 5)

1)

_3(sx )

=—15x7°

Theorem 3

Theorem 1

y= 4x7*

% =4(-2x7)=

—8x73

= ix4 —i7x Theorem 4
dx dx

= ix4 - 7ix Theorem 3
dx dx

= 4% - 7(1xH) Theorem 1
=4x’ - 7x°

=45 -7 [a0=1]

y=x3+3x2

b _ 337 432577 =357 + 6x
dx
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15.

16.

17.

18.

19.

20.

Exercise Set 1.5

y=4Jx =4x”

Y _dh

dx dx

=4ix12
dx

dy _ 4(1)6%—1)

Theorem 3

Theorem 1
dx 2

= 2x7%
2 2

N

y=8\/7=8x%

d_yzg(lx%—l)=4x—% _4_4
dx 2

Properties of exponents

y= 07
dv_d o
dx dx
=077

=0.7x3

Theorem 1

y = 5%

b _ 0.9x%%71 = 0.9x7!
dx

y= —4.8x%
@ _ i(—4.8x% |

dx  dx
)

=—48— Theorem 3
X

=-438 (% x%_l j Theorem 1

= —1.6x_%

21.

22.

23.

24.

25.

6 4
y=—=06x
o
L2 (627
dx dx
= 61({4) Theorem 3
dx
= 6(—4x_4_1) Theorem 1
=—24x7°
24 .
=—— Properties of exponents
y= 13 =T7x 3
X

X
BN
YT T
dy _d(3
dx dx\ 4
= %di(x) Theorem 3
X
= i.(lxl_l) Theorem 1
4
3 .
= Properties of exponents
44
YT
@ _4 ! _4
dx 5 5
2o
dx X
=i4 X —ié Theorem 4
dx dx x

= ix% —i3x_1 Properties of exponents
dx dx

— ix% _ 3ix_l
dx dx

Theorem 3
= lx%71 - 3(—1x7H) Theorem 1
4

= l x_% +3x72
4

1 3

e
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26.

27.

28.

29.

30.

Chapter 1 Differentiation

i[%+ij 31, f(x)=03x"?
dx Jx , d 12
4 J 4 f (x)zEOSx
d 3x+d_T d
X T X =03—x!? Theorem 3
d y, 4,4
dx dx = 0.3(1.2x1‘2_1) Theorem 1
= %x_% —ox =0.36x"2
_1 2 15
"3 32. f(x)=0.6x
12 12 £'(x)=0.6(1.5x"77) = 092"
33,2 3 332 xdx
3x 3
33. f(x)==—==>x
d 3 5) 4 4
-2
T ro-4(2)
= 2i(g/x_5) Theorem 3 dx\ 4
dx :ii(x)
:_zi(x%) 4d
dx 3( )
=-2 (ix%_lJ Theorem 1 4
3 _3
10 51035 ‘
3 3 ) )
x
4. f(x)=—=—x
d —4x3) ( ) 3 3
dx f'(x)—g(lxl_l)=g
d( %) 3y 3 3 3 3
=——|x*|=—=x == =-
dx 4 4x)s 44x
2 2
35, f(x)=—r=2x
d ) 5x 5
d—(Sx —7x+3) d(2
P d_ d f'(x):E(Ex j
== 52 - 7x+ 23 Theorem 4
dx dx dx :Ei(x,é)
=5ix2 —7ix+i3 Theorem 3 5 dx
dx dx dx 2 —6-1
—5(2x2 1) 7(1 1 1) _g(_6 )
x ]+0  Theorems 1 and 2
=10x~7 12
5
d _12
—o(6x° =5v+9) o
d -, d d
=—6x"——5x+—9=12x-5 -3
dx dx dx 36. :i:4x :i -3
flx)=og=—"r=x
4 oy 12 4 12
' =_(=3 =
f(x) 7( ) 7 X 7x4
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Exercise Set 1.5

37. f(x):i—x%=4x_l_x%

X
£ )= axt - )
=%(4x_1)—%(x%)

d | _ d 3
=4 b))
= 4(—1x‘1—1)_@x%—1)

= —4_)6_2 — E.X_%

39. f(x)=7x-14

40. f(x)=4x—7

135

3
= l(ix%_lj = lx%, or ﬁ
3 3 3

4

43.  f(x)=-0.01x>+0.4x+50

oy 4 2
f (x)——dx (—0.01x +0.4x+5o)
_d 2\, d d
= dx( 0.01x )+—dx (0:4x)+--(50)

(50)

_om 4 (.2 d d
= 0.0Idx(x )+0.4dx(x)+ -

==0.01(2x"™)+0.4(1x"™)+0
=-0.02x+0.4

44. f(x)=-0.01x>-0.5x+70
£'(x)==0.01(2x*")=0.5(1"")+0
=-0.02x-0.5

-3 2
45. y=x %—3x%+x%+—4
X

y=xTt =3xS a7

R e

et
4 3
(ix%lj+2<_4x4l)
4
== P P x/ 8x~°
4 4

B g h S8
4 4 o

Copyright © 2016 Pearson Education, Inc.
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46. y=3x_% + x4 x5 +£3
X
y= 3x 7+ x4 a4 8x 7

y' :i(3x_% + 3%+ x5 +8x_3)

dx
= 3(_—2x_%_1 j + (éx%_l ) +
3 4
(S Jos(-a)
5
=-2x +%x_% +§x% —24x7*

=2x 4y +éx% _2
4 x*

47. y=%+l=%x+7x_1
x

d(1 -
'=—| =x+7
vz
=i(lxj+i(7x_l)
dx\ 7 dx

L) L)

7 dx E
YA —1-1
—7(1x )+7(—1x )
=l—7x72
7
_1.7
7 X2

48. y=g—£=2x_l—lx
x 2 2

49. f(x)=\/;=x%
First, we find f'(x)

=4(+)

L osm
2

50.

51.

52.

Chapter 1 Differentiation

Therefore,

f'(4

1

LI
22 4

@57

f(x)=x2 +4x-5

f'(x) =di(X2 +4x—5)

X
= (22)+4(1x"") -0
=2x+4

Therefore,
f'(lO) = 2(10)+4

=24

2 _
y=x+—=x+2x 3

x3

Find d_y first.
dx

4

dx

= %(x+ 2x_3)

:%(x)ui(ﬁ)
=1+ 2307

=1-6x"*
6

=]-—
x4

Therefore,

|
dx

6

—1-—

=1 (1)4
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Exercise Set 1.5

11
53. y=3x+yx=x7+x2
Find d—yﬁrst.
dx

ﬂ_i(;ﬂ%)

dx  dx
22l
dx dx
R N
3 2
N S S
W 2x
Therefore,
a1 1
dx =64 33 (64)2 2\/674
1 1
=—+
48 16
_1
12

54, y=x"+2x-5

dx
=3x2+2
Cij 3(=2)* +2
dxx—72
=3(4)+2
=14
55, =2 =27
CUTSe TS
d

Find @ first.
dx

Q_i(éx—s
dx dx\5

_2d
= EE(X )
_2 -3-1
= g(‘3x )
= —gx_4
5
__5
5xt
Therefore,
| 6 __3
del, .y s5(4) 640

137

_ 4
dy __ 4
Ay 3(-1)°
4
(3)

4

"3

57. We will need the derivative to find the slope of
the tangent line at each of the indicated points.
We find the derivative first.

f(x)=x2—\/;=x2—x%

Fx) = (v %)

= 575

a) Using the derivative, we find the slope of
the line tangent to the curve at point (1,0) by
evaluating the derivative at x=1.

1 1 3
"(1)=2(1)-—==2—-—=—=". Therefore
r1=20)-57=2-5=3

the slope of the tangent line is % . We use

the point-slope equation to find the equation
of the tangent line.

y=y=m(x-x)
y—Ozg(x—l)
3 3

=—x—-——
Y 2 2
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58.

b) Using the derivative, we find the slope of
the line tangent to the curve at point (4,14)

by evaluating the derivative at x =4 .
1 1 31

f'(4)= 2(4)—m= 8——

4 4

Therefore the slope of the tangent line is 3! .

4
We use the point-slope equation to find the
equation of the tangent line.

y=y =m(x—x)

31
—~14=""(x-4
y-l14="r(x~4)

31
—14="-x-3]
Y 4
31
=—x-17
Y7

¢) Using the derivative, we find the slope of
the line tangent to the curve at point (9,78)
by evaluating the derivative at x=9.
1 1 107
"(9)=2(9)-—==18-—=—
710)=200) 5= 18- =1

Therefore the slope of the tangent line is

107 : :
“¢-- We use the point-slope equation to find
the equation of the tangent line.

Y=n :m(x_xl)

107
-78=——(x-9
1 21
RPN T
6 2
_107 165
6 2

f(x)=x3—2x+1
' _ d 3
f (x)—E(x —2x+1)
=(3x3_1)—2(1x1_1)+0
=3x’-2
a) At(2,5): £'(2)=3(2)°-2=10
The equation of the tangent line is:
Yy=n :m(x_xl)
y-5=10(x-2)
y=10x-15

59.

Chapter 1 Differentiation

b) At (-1,2): f'(-1)=3(-1)*-2=1
The equation of the tangent line is:
Yy=n= m<x_x1)

y—2= l(x—(—l))
y=x+3

¢) At (0,1) £'(0)=3(0) -2=-2
The equation of the tangent line is:
y=n= m(x_xl)

y-1=-2(x-0)
y=-2x+1
We will need the derivative to find the slope of

the tangent line at each of the indicated points.
We find the derivative first.

£(s) =4 =

a) Using the derivative, we find the slope of
the line tangent to the curve at point (-1, 1)

by evaluating the derivative at x =—1.
2

g'(-1)= 31

of the tangent line is —% . We use the point-

= —%. Therefore the slope

slope equation to find the equation of the
tangent line.

Y=n =m(x—x1)

2
Cl=—Z(x+1
y ;)

2 2
1=-Zy_Z
Y 3773
_ 2.1
YETRETS

b) Using the derivative, we find the slope of
the line tangent to the curve at point (1,1) by

evaluating the derivative at x =1.
2

2
=—==—.
g ( ) 33
Therefore the slope of the tangent line is % .

The solution is continued on the next page.
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We use the information from the previous
page and the point-slope equation to find the
equation of the tangent line.

Y=N :m(x_xl)

2
y—IZE(x—l)
o122

3 3

y:—x-{-l

3 3

¢) Using the derivative, we find the slope of
the line tangent to the curve at point (8,4)

by evaluating the derivative at x=8§.

g'(8)= 2 % . Therefore the slope of the

38

L.
tangent line is .
We use the point-slope equation to find the
equation of the tangent line.

Y=n =m(x—xl)

y—4=%(x—8)
1 8
4=y
YTrERS
-
YT
|
60 f(x)=—2=x
X
f'(x) —2x2!
=-2x7
__2
3

The equation of the tangent line is:
y=7»n-= m(x_xl)
y-1=-2(x-1)
y=-2x+3

61.

139

2 2

b) At(3,5): f'(3)=——"3=-—
The equation of the tangent line is:
y=y=m(x-x)

1 2
yg= (73
yl 2,2
9 27 9
T
27 3
1). ' _ 2 _1
C) At(—Z,Z)f (—2)——W—Z

The equation of the tangent line is:
y=n :m(x_xl)

y—%=%(x—(—2))

I

' 4 4 2

—1e2

4 4 4
y=—x*+4

A horizontal tangent line has slope equal to 0,
so we first find the values of x that make

&

dx

First, we find the derivative.

L = i(—x2 +4)

dx dx

L4 = —ix2 +i4

dx dx dx
=-2x+0

Next, we set the derivative equal to zero and
solve for x.

d

@y

dx
—2x=0

x=0

So the horizontal tangent will occur when x = 0.
Next we find the point on the graph. For
x=0, y:—(0)2+4:4,sothereisa
horizontal tangent at the point (0, 4) .
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63.

64.

x=0
For x=0, y=(0)"-3=-3.

Therefore, there is a horizontal tangent at the
point (0,—3).

y= x*-2
A horizontal tangent line has slope equal to 0,
so we first find the values of x that make

by
dx
First, we find the derivative.
a = i()c3 - 2)
dx dx

= ix3 _4 2

dx dx
=3x%* -0
=3y?

Next, we set the derivative equal to zero and
solve for x.

a
dx
3x2 =0

x=0

So the horizontal tangent will occur when x = 0.

Next we find the point on the graph. For
x=0, y= (0)3 —2=-2, so there is a horizontal

tangent at the point (0,-2) .

y=-x"+1

@ _ -3x*
dx
Solve:

d
d—i =0
-3x* =0
x=0
Forx=0, y=—(0) +1=1.
Therefore, there is a horizontal tangent at the
point(0,1) .

65.

Chapter 1 Differentiation

y= 5x2-3x+8

A horizontal tangent line has slope equal to 0,

so we need to find the values of x that make

D_y.

dx

First, we find the derivative.

b _d

dx dx
s 44,4y

dx dx dx

=5(27)-3(1x")+0

=10x-3
Next, we set the derivative equal to zero and
solve for x.

Y _
dx
10x-3=0
10x=3
_3
10
So the horizontal tangent will occur when

(Sx2 -3x+ 8)

X

X = % Next we find the point on the graph.

100 10
45 9 10 8 100
100 10 10 1 100
_ 4590 800
100 100 100
_ 45-90+800
100
755 151
100 20
Therefore, there is a horizontal tangent at the

3 151
oint | —,— |, 0.3,7.55).
pol (10 20) or ( )
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67.

Exercise Set 1.5

y=3x>-5x+4

dy _
dx

25 50 48
12 1212
23
T12

Therefore, there is a horizontal tangent at the
oint 523
P e 12)

y=-0.01x> +0.4x +50

A horizontal tangent line has slope equal to 0,
so we need to find the values of x that make

First, we find the derivative.
y_4
dx dx
=-0.02x+0.4 See Exercise 46

Next, we set the derivative equal to zero and
solve for x.

d

@d_,

dx
-0.02x+0.4=0

~0.02x=—0.4
04

r=—"
—-0.02
x=20
So the horizontal tangent will occur when
x = 20. Next we find the point on the graph.

(—0.01x2 +0.4x+ 50)

68.

69.

70.

141

For x =20,
y=-0.01(20) +0.4(20)+50
=-0.01(400)+8+50
=-4+8+50
=54
Therefore, there is a horizontal tangent at the
point (20,54).

y=-0.01x*—0.5x+70

dy
dx

=-0.02x-0.5 See Exercise 44.

d
d—i: 0
~0.02x-0.5=0
~0.02x=0.5
0.5

x=—
—-0.02
x=-25
For x =-25
y=-0.01(-25)" —0.5(-25)+70
=-0.01(625)+12.5+70
=-6.25+12.5+70
=76.25
Therefore, there is a horizontal tangent at the
point (-25,76.25) .

y==-2x+5 Linear function
d .

@& _ Slope is —2
dx

There are no values of x for which Z—y =0, so
X

there are no points on the graph at which there
is a horizontal tangent.

There are no values of x for which Z—y =0, so
x

there are no points on the graph at which there
is a horizontal tangent.
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72.

73.

dy
dx

=_3 Constant Function
d
_y =0
dx

Theorem 2

Z—y = 0 for all values of x, so the tangent line is
X

horizontal for all points on the graph.

y=4

Y _o
dx

Z—y = 0 for all values of x, so the tangent line is
X

horizontal for all points on the graph.

Theorem 2

1
y= —§x3 +6x% —11x-50
A horizontal tangent line has slope equal to 0,
so we need to find the values of x that make
Lia
dx
First, we find the derivative.

= i(—%f +6x> -1 1x—50)

dx
d( 1 3) dy/ o, d d
=—|-= —(6x")]——(11x)——(50
dx( 3x j+dx( x) dx( x) dx( )

=—x7 +12x-11
Next, we set the derivative equal to zero and
solve for x.

Solve:
d
d—)yc=0
—x2+12x-11=0
x> —12x+11=0
(x=1)(x-11)=0
x—1=0 or x-11=0
x=1 or x=11

There are two horizontal tangents. One at x =1
andoneat x=11.

Next we find the points on the graph where the
horizontal tangents occur.

For x=1,

y:—%(l)s +6(1)° =11(1)-50

- Li6-11-50
3

74.

Chapter 1 Differentiation

For x=11,
1 3 2
y:—g(ll) +6(11)"—11(11)-50
:—%+726—121—50
334
=T=111%

Therefore, there are horizontal tangents at the
points (1,—554) and (11,1114).

y=—x+x?+5x-1

d_y =-3x? +2x+5
dx
d
_y
dx
3x? +2x+5=0
3x2=2x-5=0 Multiply both sides by -1.
(3x - 5) (x + 1) =0 Factor the left hand side.
3x-5=0 or x+1=0
3x=5 or x=-1
5
xX== or x=-1
3

. 5
There are two horizontal tangents. One at x = 3

and one at x=-1.
Next we find the points on the graph where the
horizontal tangents occur.

For x=-1
y==(=1)+(=1) +5(-1)-1
y= () (151
y=—4
For x=E

3

RORE
~(5)5)3

125 75 225 27

27 27 27 27

148
X
Therefore, there are horizontal tangents at the

points (%,5%) and (-1,-4).

=513
_57
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76.

Exercise Set 1.5

y= x> —6x+1
A horizontal tangent line has slope equal to 0,
so we need to find the values of x that make

D_y.
dx
First, we find the derivative.
Ll =i(x3 —6x+1)
dx dx
d s\ d d
=— ——(6x)+—(1
dx(x ) dx( x)+dx( )
=3x" -6

Next, we set the derivative equal to zero and
solve for x.

dy
=
3x2-6=0
x2=2
xzi\/i

There are two horizontal tangents. One at

x= —\/5 and one at x = \/5 . Next we find the
points on the graph where the horizontal
tangents occur.

For x=—x/§,

y=(-3) ~6(~V2)+1
=22 +6y2 +1
=1+42

For x=\/§,

y=(\/§)3—6(x/§)+1
=22 -62 +1
=1-4J2

Therefore, there are horizontal tangents at the

points (—\/5,1+4\/5) and (\/5,1—4\/5).

13

=—x"—3x+2

y 3x X

d—y=i lx3—3x+2

dx  dx\3
d(1 5\ d d
=—| =x" |-—(3x)+—(2
dx(?)xJ dx(x) dx()
=x*-3

77.

143

=-3+33+2
=2+23
For xzx/g

=38 ()2
L))

=3-33+2
=2-23

Therefore, there are horizontal tangents at the

points(—\/g,2+2\/§) and (\/5,2—2\/5).

y=%x3—3x2+9x—9

A horizontal tangent line has slope equal to 0,

so we need to find the values of x that make
D_y.
dx

First, we find the derivative.
d_y_ d (lx3 —3x? +9x—9)

dx  dx\3
_d (1) d gy, 4y 94
__dx(3xj) dx(3x )+ak(9x) )
=x>—6x+9

Next, we set the derivative equal to zero and
solve for x.

v _y
dx
x> —6x+9=0
(x-3)*=0
x—3=0
x=3
There is one horizontal tangent at x =3 .
The solution is continued on the next page.
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Using the information from the previous page, Next, we set the derivative equal to 1 and solve
we find the point on the graph where the for x.
horizontal tangent occurs. dy
For x=3, dx =1
y=1(3) -3(37 +9(3)-9 6-2x=1
3 2x=1-6

=9-27427-9=0
Therefore, there is horizontal tangent at the
point (3,0) . = S
2

—2x=-5

. 5
78, y= §x3 +%x2 _9 So the tangent will occur when x = 5

Next we find the point on the graph.

Yoy
dx For x=—,
2
Solve R
—6[2]-(2
dy _ 0 7 2 2
d
LY S5 B»
x“+x=0 4 4
x( Yt 1) -0 The tangent line has slope 1 at
x=0 or x+1=0 G%Sj or (2.5,8.75).
x=0 or x=-1
For x=0 p
—20x—x2: D 00—
=l(0)3+l(0)2_2 80. y=20x—x"; dx_20 2x
3 2
Solve:
y=-2 P
For x=-1 @ _ 1
1 3 1 2 dx
R 20-25=1
11 —2x=-19
=-gt5-2 19
3 2 x=-2
__ 1 2
6 For x = Q,
Therefore, there are horizontal tangents at the 2
points (0,-2) and (—1 —E) 2\ (P ’
b S 6 . y 2 2
361
79. y=6x—x* y_190_[7)
To find the tangent line that has slope equal to 760 361
1, so we need to find the values of x that make = T - T
b 399
dx T4
lz;rst, v;e find the derivative. The tangent line has slope 1 at the point
a _a (. _ 2
de  dx (6x * ) (E,EJ or (9.5,99.75) .
P d 2 4
=—6x——x’
dx dx
=6-2x
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82.

Exercise Set 1.5

y=-0.01x2 +2x

To find the tangent line that has slope equal to
1, we need to find the values of x that make
Dy

dx

First, we find the derivative.

dy d

—= E(—O.lez + 2x)

=%(—0.01x2)+%(2x)

= —0.01(2x2*1)+2(x1*1)
= —0.02x+2

Next, we set the derivative equal to 1 and solve
for x.

@
dx
-0.02x+2=1
-0.02x =-1
-1

xX=—

-0.02
x=50

So the tangent will occur when x =50. Next
we find the point on the graph.
For x =50,
y=-0.01(50)" +2(50)
=-0.01(2500)+100
=-25+100
=75
The tangent line has slope 1 at (50,75) .

y=-0.025x" +4x; & =-0.05x+4
dx

Solve:
v _
dx
-0.05x+4 =1

—-0.05x =-3
x =60
For x =60,
y=-0.025(60)" +4(60) = ~90+240 = 150
The tangent line has slope 1 at the point
(60,150).

145

1
y =§x3 —x*—4x+1
To find the tangent line that has slope equal to
1, we need to find the values of x that make
Dy
dx
First, we find the derivative.

ﬂ=i(lx3—x2—4x+lj
dx dx\3

= a4 l)cz' —ix2 —i4x+il
dx\ 3 dx dx dx
=x*-2x—4
Next, we set the derivative equal to 1 and solve
for x.

by
dx
x?—2x-4=1
x*-2x-5=0
This is a quadratic equation, not readily

factorable, so we use the quadratic formula
where a=1,b=4,and, c=1.

~(2)£(-2)" ~4(1)(-5)
2(1)
_ 244420

2
2424
2

24246
2
=1++/6

There are two tangent lines that have slope
equal to 1. The first one occurs at x =1+ \/8

X =

and the second one occurs at x =1— \/g . We

use the original equation to find the points on
the graph.

For x=1++/6,

y=%(1+¢5)3—(1+£)2—4(1+J€)+1
=%(19+9\/E)—(7+2\/€)—4—4\/€+1
=?+3\£—7—2\£—4—4\/E+1
=—%—3«/€

The solution is continued on the next page.
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For x=1—x/€,
y=%(1—J€)3—(1—%)2—4(1—J8)+1
=%(19—9\/€)—(7—2\/€)—4+4\/€+1
=?—3\/€—7+2\£—4+4\£+1

:—%+3\/€

Therefore, the tangent line has slope 1 at the
points

(1+J€,—%—3J€j and (1—\/_,—%+3\/€j.

1
84. y =§x3 +2x% +2x

LU S
dx
Solve:
@
dx

W 4+dx+2=1

X +4x+1=0
Using the quadratic formula,

e —b+~b* - dac

x= Substituting

N RU=RY)

For x = -2 ++/3,

y:%(—2+\/§)3+2(—2+\/§)2+2(—2+\/§)
=%(—26+15\/§)+2(7—4\/§)—4+2\/§
=—2—36+5\6+14—8J§—4+2ﬁ

4
=2-B
3J_

8s.

86.

Chapter 1 Differentiation

For x = -2—4/3,
y=%(—2—\/§)3+2(—2—«/§)2+2(—2—\/§)
:%(—26—15\/§)+2(7+4\/§)—4—2\/§

=—2—36—sﬁ+14+8ﬁ—4—2ﬁ

4
=2+3
3
The tangent lines have slope 1 at the points

(—2+\/§,%—\/§) and (—2—&,%%/5).

a) In order to find the rate of change of the
circumference with respect to the radius, we
must find the derivative of the function with
respect to 7.

C(r)=628r
C'(r)=6.28
b) C'(4)=6.28
¢) ™ Answers will vary. C '(4) = 6.28 means

that the circumference of the wound with a
radius 4 cm will increase at a rate of

6.28 cm for each centimeter increase in the
radius.

a) In order to find the rate of change of the area
with respect to the radius, we must find the
derivative of the function with respect to r.

. d 2
4 (r)z;(3.14r )
=3.14(2")
=6.28r
b) 4'(3)=6.28(3)=18.84.
) . Answers will vary. 4 '(3) = 18.84 means
that the area of the wound with a radius 3

cm will increase at a rate of 18.84 cm? for
each centimeter increase in the radius.
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w(t)=8.15+1.82¢ - 0.0596> +0.000758¢°

a) In order to find the rate of change of weight
with respect to time, we take the derivative
of the function with respect to .

w'(t)

- %(8. 15+1.821—0.0596¢> + 0.000758t3)

= 0+1.82-0.0596(2¢)+0.000758 (3¢’

=1.82-0.1192¢+0.002274¢>
Therefore, the rate of change of weight with
respect to time is given by:
w'()=1.82-0.1192¢+ 0.002274¢°

b) The weight of the baby at age 10 months can
be found by evaluating the function when
t=10.

w(10)=8.15+1.82(10)—0.0596(10)’
+0.000758(10)°

=21.148 Using a calculator
Therefore, a 10 month old boy weighs
approximately 21.148 pounds.

¢) The rate of change of the baby’s weight with
respect to time at age of 10 months can be
found by evaluating the derivative when
t=10.

w'(10)
=1.82-0.1192(10)+0.002274(10)°

= 0.8554

A 10 month old boys weight will be
increasing at a rate of 0.86 pounds per
month.

T(t)=-0.1 +1.2¢+98.6

a) T'(1)=-02t+1.2

b) Evaluate Twhen =1.5
T(1.5)=-0.1(1.5)° +1.2(1.5)+98.6

=100.175
The temperature of the ill person after 1.5
days is 100.2 degrees Fahrenheit.
¢) Evaluate 7'(r) when 1=1.5.

T'(1.5)=-0.2(1.5)+1.2

=09
The ill person’s temperature is increasing
0.9 degrees Fahrenheit per day after 1.5
days.

89.

90.
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6000

R(v)=
()=

a) Using the power rule, we take the derivative

of R with respect to v.
R'(v)=6000(-1v""")

=—6000v >

6000
T2

= 6000y~

v
The rate of change of heart rate with respect
to the output per beat is
, 6000
R (v) =——.
v
b) To find the heart rate at v = 80 mL per beat ,
we evaluate the function R(v) whenv=280.

R(%):%:B.

The heart rate is 75 beats per minute when
the output per beat is 80 mL per beat.

¢) To find the rate of change of the heart beat
at v =80 mL per beat , we evaluate the

derivative R'(v)at v=80.

, 6000
R'(80)=- e
15
R'(80)=—B
=-0.9375

The heart rate is decreasing at a rate of 0.94
beats per minute when the output per beat is
80 mL per beat.

|
S =—=
()= =r
d - 4
a) S’( )ZE(V4)=—4I’5——”—5

b) §(1.2)=—+=0.48225309

The resistance when »=1.2 mm is
0.48225309.
¢ S'(r)= —LS ~-12.20703125
0.8
The resistance, S, is changing with respect to

r at an approximate rate of —12.2 per mm
when 7 =0.8 mm.
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91.

92,

93.

a) Using the power rule, we find the growth

dP
rate —.
dt
ar _ i(100,000 + 2000#)
dt dt
=0+2000(2¢)
= 4000¢

b) Evaluate the function P when ¢ =10.

P(10) =100,000+2000(10)’
=100,000+2000(100)

=300,000
The population of the city will be 300,000
people after 10 years.

¢) Evaluate the derivative P'(¢) when ¢ =10.

dp
dt |,y

The population’s growth rate after 10 years
is 40,000 people per year.

= P'(10) =4000(10) = 40,000

d) ™. Answers will vary. P'(10) = 40,000

means that after 10 years, the city’s
population is growing at a rate of 40,000
people per year.

A(t)=0.08:+19.7

a) A'(t)=0.08
b) . Answers will vary. The median age, 4,

of women marrying for the first time has
been increasing at a rate 0.08 year per year
since 1950.

v =1.22h =1.221"

a) Using the power rule,

a_ i(1.22}%)
dn  dh

=122 (lh%‘lj
2

=0.61n7"
_061_06l
W
b) Evaluate the function ¥ when A =40,000.
V =1.22,/40,000

=244
A person would be able to see 244 miles to
the horizon from a height of 40,000 feet.

Chapter 1 Differentiation

¢) Evaluate the derivative fl—then

h=40,000.

dv _ 061

Eh:m,ooo - \/m
061
200
=0.00305

The rate of change at # =40,000is 0.0031
miles per foot.

d) . Answers will vary. From part (a), we

find that the distance that one can see to the

horizon from height % increases mrniles
Jh

for every one foot increase in height. From
part (c) we find that, at a height of 40,000
feet, the distance that a person can see to the
horizon increases at a rate of 0.0031 miles
per foot.

p(t)=0.696t> —13.290¢ + 61.857

a) In2014, t =2014-1967 = 47 . Evaluating
the function at 1 = 47 , we have

p(47)=0.696(47)° ~13.290(47) + 61.857

p(47)=974.69
The average ticket price in 2014 is $974.69.

b) %z p'(t)=1.392¢-13.290

¢) Evaluate the derivative at ¢ = 47.
p'(47)=1.392(47)-13.29 =52.13

In 2014, the average ticket price is
increasing at a rate of $52.13 per year.

f(x) =x? —4x+1
The derivative is positive when f'(x)>0.
Find f'(x).
oy 4 (2
f (x) —E(x —4x+1)
=2x-4
Next, we solve the inequality
f'(x) >0
2x-4>0
2x>4
x>2
Therefore, the interval for which f'(x) is

positive is (2,e0).
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96. f(x)=%x3—x2—3x+5

The derivative is positive when f '(x) >0.
Find f'(x).

f‘(x)zi(éf —x? —3x+5)

dx
=x*-2x-3
Next, we solve the inequality
f '(x) >0
x*=2x-3>0

First we find where the quadratic is equal to
zero, in order to determine the intervals that we
will need to test.

¥ -2x-3=0
(x=3)(x+1)=0
x+1=0 or x-3=0

x=-1 or x=3
Now we will test a value to the left of -1,
between —1 and 3 and to the right of 3 to

determine where the quadratic is positive or
negative. We choose the values
x=-2,x=0, and, x = 4to test.

When x=-2, the derivative f'(x)is
F(2)=(2F ~2(2)-3=s5
When x =0, the derivative f'(x)is
£1(0)= (0] ~2(0)-3=-5.

When x =4, the derivative f'(x)is
744 ~24)-3=5.

We organize the results in the table below.

Test Test -1 Test 3 Test
point x=-2 x=0 x=4
X

L) (2)=5) 0] r(0)=-31 0| f'(4)=5

From the table, we can see that f'(x) is

positive on the interval (—eo,— 1) and the interval

(3,00).

149

97. y=x4—§x2 -4

A horizontal tangent line has slope equal to 0,
so we need to find the values of x that make
d

v _y

dx

First, we find the derivative.

Ll =i(x4 —ix2 —4]

dx dx 3
_d 4 dfda) 4y,
dx dx\ 3 dx
=4yt - i(2x2“ )-0
3
=4 —§x
3
Next, we set the derivative equal to zero and
solve for x.
d
@ _g
dx
4x° —§x =0
3
4x(x2 —E) =0
3
4x=0 or -2
3
x=0 or x’ = 2
3
x=0 or x=1% 2
3

So the horizontal tangent will occur when

x=0, x=\/%, andx=—\/§. Next we find

the points on the graph.
For x=0,

4 4,2
y=(0)' =3 (0f —4=—4.

The solution is continued on the next page
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Forxz—\/z
3
2 * 4 2 ’
=== | == == ] -4

_40
9

There are three points on the graph for which

the tangent line is horizontal.

(0,-4), (\E—“—g{)] and, (—\E—?]

98. y=2x"-x*-2
d—y=i(2x6—x4—2)
dx dx
d e d 4 d

=—2x ——x ——2
dx dx dx

=2(6x"") - (4x*")+0

=12x° —4x3

x=0 or 3x2 =1
1
x=0 or xr=—
3
x=0 or x=% l=iL
3 3
For x=0,
6
y=2(0)"-(0)-2
=-2
For x=L,
3

2 3 54

27 27 27
55

27

99.

100.

Chapter 1 Differentiation

2 3 54
27 27 27
__5
Y

Therefore, there are horizontal tangents at the
1 1
points(O,—Z), —,—E ,and __,_E )
N N

f(x)zxs-i-x3

Taking the derivative we have:

f'(x)zj—x(x5+x3)

=5x* +3x2
Notice that f'(x)= 0 for all values of x.

Therefore, f (x) is always increasing.

g(x)=x3+2x

Taking the derivative we have:

=-2-3x
Notice that g'(x) < 0 for all values of x.

Therefore, g (x)is always decreasing.
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k(x)ziz, x#0
X

Taking the derivative we have:

-4t

= i x_z
dx

-2-1
=-2x

=2 =-5
X

Notice that &'(x) < 0 for all values of x over the
interval (0,0) Therefore, k (x)is always

decreasing over the interval (0, ).

f (x) =x’ +ax

Finding the derivative, we have:

f'(x) =3x’+a.

When a is positive, f'(x) > 0 for all values of x
and will be always increasing. However, if a is
negative, then f'(x)< 0 for some values of x.

(most noticeably x =0) and therefore will not
be always increasing.

y= (x+3)(x—2)
First, we multiply the two binomials.
y=(x+3)(x-2)= X +x-6
Therefore,
L = i(x2 +x- 6)
dx dx

_d 5\, d d

= E(x )+E(x)—;(6)
=2x+1

y=(x—l)(x+1)=x2—l

%z%(xz—l):bc

X —x
y= 2
x

First, we separate the fraction.

5 x3

x
Yy=—7""7
o x?

106.

107.

108.

Therefore,
“ote
dx dx

yE g X
¥ X
NE S B )
=x+x!
Therefore,
d d _
A —(x3 +x 1)
dx dx
=3x" +(—x_H)
=3x%—x?
1
= 3x2 ——2
x

y=~Tx
First, we simplify the radical.

y=Tx
=\7x

- ()

[ = |
[”\1/_= anm= 2]

Therefore,

=T
2_2 (/7 2
dx dx \/—(x)

_ 74 (%
—ﬁa(x )
ofie
VT

(Sx)% = 8% -x% = Zx%

=<
Il
e
7|
=
Il

d_2a 2 2
e
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110.

111.

112.

| 2
y=(J§———J
X
- x%_x*%)(x%_x A)
=x-2x"+x7"
=x+x -2
%—%(x+x71—2)
=1-x7
o
X

y=(x+l)3 = x> +3x2 +3x+1

D332 4 6x+3
dx

. Answers will vary. Leibniz notation is more
convenient when the variables are named to
identify what they are. For example, marginal

. o . . dR .
revenue using Leibniz notation is e This
P

notation allows the reader to determine that
marginal revenue is the rate of change of
revenue with respect to price. Thus Leibniz
notation give the reader more information about
the problem than the function notation R'( p).

f(x) =x*-3x% +1
First we enter the equation into the graphing
editor on the calculator.
Flokl Plokz  Plob:

~ Bt -EE 2+ ]
“he=

wha=

~hy=

wMe=

~hE=

~he=

Using the window:

WIHOGL
i

113.

Chapter 1 Differentiation

We get the graph:
y=x%-3x2+1

2

A
2
We estimate the x-values at which the tangent

lines are horizontal are
x=-1.225 x=0, and, x =1.225 .

5x° +8x-3
f(x)— 3x2+2

First we enter the equation into the graphing

editor on the calculator.
Flokl Flokz Flabz

N ECSETZHER-30

AR Sl

~Ne=

~a=

~hy =

wMe=

~ME=

Using the window:

Mmin=-3
Ymax=3
Y=zl=1
Ares=1
We get the graph:
_5x2+8x-3
3x2+2
3

y

e

N

-3
The horizontal tangents occur at the turning
points of this function. Using the trace feature,
or the minimum/maximum feature on the
calculator, we find the turning points.
We estimate the x-values at which the tangent
lines are horizontal are
x=-0.346 and x =1.929 .
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114. f(x)=20x"-3x

115.

Using the calculator, we graph the function and

the derivative in the same window. We can use

the nDeriv feature to graph the derivative

without actually calculating the derivative.
Flokl Flatz Flokz

W BZEE S 3-3RT0

g?zEnDer1ui¥1:H:

WMr=
~hy =
“Me=
~NE=

Using the window:

?mln—'lﬁﬁ
Ymax=1E8
Y=cl=18
Ares=1

We get the graph:
100

f f’

~100
Note, the function f (x) is the thicker graph.

Using the calculator, we can find the derivative
of the function when x=1.

L

d»/dx=44.98989 ]\
45

We have f'(1) =

x4—x3

f(x)=
Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.
Flokl Flokz Flobz
W ERT RS
g?zEnDer1uﬂ¥1:H:

116.

153

Using the window:

W IHOOW
amin=-1
Amax=2
wecl=.5
Ymin=-1
Ymax=1
Yecl=.25
Ares=1

We get the graph:
15

-15
Note, the function f (x) is the solid graph.

Using the calculator, we can find the derivative
of the function when x=1.

duddu=1, 00000z
We have /(1) =

4x

4 (x) x*+1

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.

Flatl Flokz Flots
AR -1 R il o B

SMezBnDeriwioy' . =,
Ha

M=
Ny =
wMe=

Using the window:

The solution is continued on the next page.
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117.

From the previous page, we get the graph:
5

Note, the function f (x) is the thicker graph.

Using the calculator, we can find the derivative
of the function when x=1.

dv/dx=1E-8

We have /'(1)=0.

5x”+8x-3
s (x) 3xt+2
Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.

Flokl Plokz  Plob:
W BCSR 2+ 8R30S

CIET2+20
g?zEnDeriu{¥1=H=

wMr=
wMy=
wMe=

Using the window:

Yacl=1
ares=1

We get the graph:
6

Note, the function 1 (x) is the thicker graph.

Chapter 1 Differentiation

Using the calculator, we can find the derivative
of the function when x=1.

dw dx=l 200001z
We have /'(1)=1.2.
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1. Differentiate y = x’ - x* using the Product Rule
(Theorem 5) .
dy _ i(xg )
dx dx
d d
_.9. a4 4 4. 49
= x dx(x )+ x dx(x )
=x7 4% +x*-9x"
= 4x"? 495"

=13x"?
Differentiate y = x
Rule (Theorem 1).

?.x* = x" using the Power

dy _ i(xls)

dx dx
=13x13!
=13x"?

The two results are equivalent.

2.  Using the Product Rule:

dy _ i(xs )
dx dx
=x"-6x° +x%.5x*
=6x'0 +5x10
=11x"°
Using the Power Rule:
dy _ i(xs )
dx dx
_ ixn
dx
=11x"

The two results are equivalent.

3. Differentiate f (x)=(2x+5)(3x—4)using the
Product Rule (Theorem 5).

f‘(x)=%[(2x+5)(3x—4)]
=(2x+5)'%(3x—4)+

(3x—4)-%(2x+5)

=(2x+5)-3+(3x—4)-2
=6x+15+6x-8
=12x+7

155

Differentiate f (x)=(2x+5)(3x—4)using the

Power Rule (Theorem 1). First, we multiply the
binomial terms in the function.

f(x)=(2x+5)(3x—4)

=6x> +7x-20
Therefore, by Theorem 1, Theorem 2, and
Theorem 4 we have:

d( 2
' -2 )
f (x) » (6x +7x O)
_d 5 d d
—5(6)( )+E(7x)—a(20) Theorem 4
=12x+7 Theorem 1 and 2

The two results are equivalent.

Using the Product Rule:
d
g'(x) = E[@x - 2)(4x + 1)]
=(3x—2)-4+(4x+1)-3
=12x-8+12x+3
=24x-5
Using the Power Rule:
g(x)=(3x-2)(4x+1)=12x" -5x-2

g'(x) d (12x2 —5x—2)

T dx
=24x-5
The two results are equivalent.

Differentiate F(x)=3x* (x2 - 4x) using the
Product Rule.
' _ d 4 2
F (x) = E[?ax (x - 4x”
a4 d (2 2 d (, 4
=3x E(x —4x)+(x —4x)-a(3x )
=3x* -(2x—4)+ (x2 —4)c)-12x3
=6x° —12x* +12x° —48x*
=18x" - 60x*
Differentiate F(x)=3x* (x2 - 4x) using the
Power Rule. First, we multiply the function.
F(x) =3x* (x2 - 4x)

=3x8 —12x°

The solution is continued on the next page.
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Therefore, we have:

F‘(x):%(3x6—12x5)

= i (3x6 ) - %(1 25 ) Theorem 4

dx
=3(6x° ) ~12 <5x4 ) Theorem |
=18x> —60x*

The two results are equivalent.
6. Using the Product Rule:
' _ d 2(.3
G (x) = Z[4x (x +5xﬂ
=4y’ -<3x2 + 5) + (x3 + Sx) . (8x)
=12x* +20x% +8x* +40x7

=20x" +60x>
Using the Power Rule:

G'(x)= %(4x5 +20x°)

=20x* +60x”
The two results are equivalent.

7. Differentiate y = (3\/; +2)x2 using the Product
Rule

dx x|:(3\/_+2) J
(3\/;+ 2) (x2)+ X (3\/;+ 2)

( /+2) (x2)+x - (3x%+2)

3 _
= (3x% +2)~2x+x2 ¥ %2 Theorems 1

= 6x7 +4x+%x%
zgx% +4x
2

Differentiate y = (3\/; +2)x2 using the Power
Rule. First, we multiply the function.

= (3Vx +2)’

=3x/2%2 4257

=3x”2 424

Chapter 1 Differentiation

Therefore, we have:

@ = i(3x% +2x2)
dx dx

= i(Sx% ) +i(2x2 ) Theorem 4
dx dx
5 s
=3[ fafor) s
= l—sx% +4x
2
The two results are equivalent.

Using the Product Rule:

dx x[(4\/_+3) }
= (4x% +3)-%(x3)+x3 ‘%(4)6% +3)
= (4x% -}-3)-3x2 +x° -ix_%
2

= 14x7 +9x?
Using the Power Rule.
= (4Vx +3) 57 =472 4347
Therefore, we have:

a_ i(4x% + 3x3)
dx dx

= 4(1x%_1j+3(3x2)
2
= 14x" +9x7
The two results are equivalent.

Differentiate f (x)=(2x+5) (3x2 —4x+ 1)
using the Product Rule.

f(x)= %[(u + 5)(3x2 —dx+ 1)}

=(2x+5)-%(3x2—4x+1)+

(3+* —4x+l)~%(2x+5)
= (2x+5)-(6x-4)+ (327 ~ 4x+1)-2
=12x% +22x-20+6x> —8x+2
=18x% +14x-18

Differentiate f (x)=(2x +5)(3x2 —4x+1)

using the Power Rule. First, we multiply the
terms in the function.

£ (3)=] @x+3)(3x> - 4x+1)

=6x>+7x>—18x+5
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From the previous page, we have:

' _ d 3 2
f (x)—E(6x +7x —18x+5)

=L (6x")+-L(7x7) -

dx dx
d d
20 “
o ( 8x) + o (5)

=18x” +14x-18
The two results are equivalent.

10. Using the Product Rule:
oy 4 2
g (x)—a[(4x—3)(2x +3x+5)}
= (4x=3)-(4x+3)+ (227 +3x+5) 4
=16x" =9 +8x +12x+20
=24x* +12x+11

Using the Power Rule:
g(x) = (4)6—3)(2x2 +3x+5)
=8x’ +6x +11x~15
(N 4 (o3 2
g (x)—g(&c +6x7 +11x-15)

=24x7 +12x+11
The two results are equivalent.

11. Differentiate F ()= (r +2)(3r—4r+7)
using the Product Rule.

F'(t):%[(\/;+2)(3t—4\/;+7ﬂ
(t/ +2) 7 (3t 4t/ +7)

3t—ar% +7)-L (% 2 Ji=t"
dt

=(t%+2) [3 4( t/D
(3t—4t%+7).(%t—%j

The solution is continued at the top of the next

column.

F'(’):(1%+2)'(3—2t%)+

(3t 4t/+7)( /)

BV S SV NN
2 2
2 L
2 2
o1
2 2\f

Differentiate F ()= (\/;+2)(3t—4\/;+7)
using the Power Rule
F(t)=(Ne+2)(3t-44c +7)

=307 —41+7t" + 61— 8" +14

=3¢ 242 +14
Therefore, we have:

F'(t):%(&% ) +2t+14)

dt(3t/) dt(t/) d(21)+di(14)

%
:9t__lt_% +2
2 2

9{1
22f

The two results are equivalent.

+2

12. Using the Product Rule:

G'(t)=%[(2t+3x/;+5)(\/;+4ﬂ
=(2t+3t%+5)~(%t‘%j+
(t%+4)~(2+%t‘%)
t/+ +— ‘/+2t/+ +8+607
2 2 2
WL A
2

SN

i

The solution is continued on the next page.
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Using the Power Rule:

G (x)=(20+3vr +5)(V +4)

=207 17" +11¢ 420
G'(1) =L (2% +17¢% 4111420
di

=3¢ +%t‘% +11

=3\ﬁ+1—7+11

NG

The two results are equivalent.

6
13. Differentiate y = x_4 using the Quotient Rule
X

(Theorem 6).
dy_dx
dx dx| x*
4 (0) 0 4 ()

(+)

X
dy 6x° —4x°
a8
_2
8
=2x, forx #0

6

. . X
Differentiate y=—= x?
X

dy_4d
dx dx
— 2
=2x, forx #0

The two results are equivalent.

14. Using the Quotient Rule.
dy d x’
dx de|x®
4 ()0 L)
()
x° (7x6)— x’ (3x2)

x6

The solution is continued on the next column.

using the Power Rule.

Chapter 1 Differentiation

dy 7x” =3x°
A«
4
6

=4x’, forx#0
Using the Power Rule.
_x 4
y= 7 =X
dy d 4
dx dv

=4x° , forx#0
The two results are equivalent.

.3
15. Differentiate g (x)= 3x mx using the
x

Quotient Rule.

g'(XF%[#)

x%(3x7 - x3)— (3x7 —x3)%(x)
(x)

x(21x6 —3x2)—(3x7 - x3)(1)

2
X

C18x - 2%

2
X

x? (1 8x° — 2x)

x2

=18x5—2x, forx#0

7_3
Differentiate g (x) = Ei using the Power
x

Rule. First, factor the numerator and divide the
common factors.

7_ .3
g(x)=3x x

x(3x° - x?
(3x° —)

g'(x)z%(bcé—xz)

=18x" -2x, forx #0
The two results are equivalent.
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16. Using the Quotient Rule.

fi(x)="2 (ﬁ]

I

x(le4 + 2x) - (2x5 +x° )(1)
= =
_ 10x° +2x% = 2x° —x?

2
X

B 8x> +x?

x2

x’ (8x3 + 1)

x2

=8x" +1, forx#0
Using the Power Rule.
5.2 x(2xt+x
f(x)=2x L ( )=2x4+x
X X

f'(x)=di(2x4 +x)

X

=8x7 +1, forx#0
The two results are equivalent.

17. Differentiate G(x)= 82x

159

using the Quotient

Rule.

(v =L 8x’ -1
dx| 2x—1

(2x—1)di(8x3 ~1)-(8x’ —1)i(2x—1)

_ Ix dx
(2x-1)°
_ (2x-1)(24x7 )~ (8" ~1)(2)
(2)6—1)2
~(2x-1)(2407 ) (2x-1) (447 +2x+1) (2)
2)6—1)2
(2x-1) (247) - (45 +2x+1)(2)
(2x-1)°
(2x-1)[ (2447) = (8x? +4x+2)
(2x-1Y’
1637 -4x-2]
- (2x-1)
a (2x—1)(8x+2)
o (2x-1)
=8x+2; x#1

2
3

Differentiate G (x)= 8x

X —

using the Power

Rule.
First, factor the numerator and divide the
common factors.
8x° -1
G(x)=
( ) 2x—1
(2x-1)(4x> +2x+1)
= Difference of cubes
2x—1
=4x% +2x+1

G'(x)=%(4x2+2x+l)

=8x+2; xX#+

The two results are equivalent.
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18. Using the Quotient Rule.
3
F'(x)=i[x +27)
de| x+3
(x+3)(3xz)—(x3 +27)(1)
(x+3)2
(x+3)(3x2)—(x+3)(x2 —3x+9)
- (x+3)’
(x+3)(3x2 —(x2 - 3x+9))
- (x-}-3)2
(2x2 +3x—9)
B (x+3)
(x+3)(2x—3)
(x+3)
=2x-3,
Using the Power Rule.
X +27
C x+3
(x+3)(x2 —3x+9)

for x # -3

F(x)

x+3
=x>—3x+9

F’(x)=%(x2 —3x+9)

=2x-3, for x # -3
The two results are equivalent.

2

19. Differentiate y = ! 6
t+4

using the Quotient

Rule.

dy _d[£-16
dt dt| t+4

d d
_ (t+4)5(t2 —16)—(t2 —16)E(t+4)
(t+4)
(e+4)(20)-( -16)(1)

B (t+4)

208 +8t—1* +16

B (t+4)

P +8+16

- (t+4)
The derivative is simplified at the top of the
next column.

20.

Chapter 1 Differentiation

dy _ (t+4)2

dt (t+4)2

t#-4
2

Differentiate y = !
t+4

using the Power Rule.

First, factor the numerator and divide the
common factors.

_2-16
YT s

— w Difference of squares

t+4

=14
D _d g
dt dt

=1, for t+#-4

The two results are equivalent.

Using the Quotient Rule.

dy _d(1-25
dt dt\ t-5

(t—5)(2t)—(t2 —25)(1)
(=)
21 —10t—(t2 —25)
(e-5)
_ 2101425
(e-5)
(e=5)

(e=5)’

=1, fort#5
Using the Power Rule.
1725
-5
(1=5)(t+5)

t-5

=t+5

D _d s
dt dt

=1, fort#5
The two results are equivalent.

y
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21, g(x)=(5x7 +4x-3)(2¢" ~3x+1)
Using the Product Rule, we have:

g'(x) = %[(5)62 + 4x—3)(2x2 —3x+1)}

= (5x2 +4x—3)-%(2x2 —3x+1)+

(2x2 —3x+1)-%(5x2 +4x—3)
= (5x> +4x-3)-(4x-3)+

(2 =3x+1)-(10x+4)
Simplifying we get
= (202" +x? = 24x49)+

(2057 =2247 ~2x+4)

=40x> —21x> = 26x+13

22 f(x)= (3" —2x+5)(4x” +3x-1)
Using the Product Rule, we have:

f'(x) = %[(3)(2 —2x+5)(4x2 +3x— 1)}

=(3x2—2x+5)-5 (457 +3x-1)+

x

(4 +3x—1)'%(3x2 ~2x+5)
= (3x” = 2x+5)-(8x+3)+

(4> +3x-1)- (6x-2)
Simplifying, we get
= (242 =74 +34x+15)+

(24x° +10x* —12x+2)
= 48x7 +3x% +22x +17

161

5x2 -1
2x°+3
Using the Quotient Rule.

dy _d[5x°-1
dx dx|2x*+3

(2x3 +3)%(5x2 - l)—(5x2 - 1)%(2)9 +3)

23. y=

(2x3 +3»)2
(27 +3)(10x) - (5x* -1)(6x?)
(2’ +3)2
20x* +30x - 30x" +6x7
(2’ +3)2
—10x"* +6x% +30x

25 +3)
(26" +3)

-2x (5x3 -3x- 15)

2 +3)
(27 +3)

3xt+2x
24, =
d -1

Using the Quotient Rule.

d_y_i 3xt +2x
dx de| ¥ -1

) (+ —1)%(3{* +2x) - (3x* +2x)%(x3 -1)
(w-1)
(x*—1)(126 +2) = (32" +2x) (3+*)
(w-1)
12x° 1027 -2 (9x° + 627

)

30 -16x7 -2

(1)
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162 Chapter 1 Differentiation

25, F(x)=(-3x" +4x)(7Wx +1) 7. g(t)==—+5
3t
F(x)= (—3x2 + 4x)(7x% + 1) [\/_ = x%} Differentiating we have:
Using the Product Rule, we have: g'(t) — di(L-i- 5t3)
B i ~ ¥ j| t\3—t¢
F(x) = [( 3x? +4x)(7x +1) =i(;)+i(5t3)
di\3—-t) dt

( 3 +4x)- —(7x/ +1) , U , ,
Using the derivative, we will apply the Quotient

Rule to the first term, and the Power Rule to the

=

d
( 1) E 37 +4x second term. . .
Ik (3=1)—-(t)=t-—-(3-1)
( -3 +4x) (2 j g'(1)= d’( ¥ dt +157°
3-¢
(7.X'A +1)‘(_6x+4) Quotient Rule
Simplifying we get _ (3—t)(1)—2t(—1) 1572
=(——x7 +14x/) (3-1)
2 3 s
(420 — 6x+28+% +4) (3-1)’
=—7x7 —6x+42x +4 ; \
28. =—>-2
f(t) 5+42¢ !
26. G(x)=(8x+x)(5x%+3 \ :i(;_z 4)

) ( y)( , ) P s dt\5+2t !
G(x)=(8x+x2)(5x +3) [\/7=x2} _(5+21)(1)—t(2) o
Using the Product Rule, we have: B (5 +2t)2 B
G'(x) = %[(Sx +x%)(5x2 + 3)} QSuotient Rule

- 5).4 (52 f'(6)= -8
—(8x+x ) dx(Sx +3)+ (5+7_,)2
AN P
(557 +3)(8v+x") 29. G(x)=(5v—4)" = (5x-4)(5x-4)
= (8x + x%). (10x)+ Using the Product Rule, we have

G'(x)=~[ (sv-4)(5x-4)]

(5x2 +3)-(8+%x%)

= (sx-4)L(5x-4)+

Simplifying, we get dx
=(80x2 +10x7% )+ 5x—4 i S5y —4
( ) (sv-4)-L (s-4)
5 3
(40x2+5x% +ox %+24) :(5x—4)-%(5x—4)+
25 3 -
=120x2+7x%+5x%+24 (5x_4).%(5x_4)
=(5x—4)-(5)+(5x—4)-(5)
=50x—40
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30. F(x)=(x+3)" =(x+3)(x+3)
Using the Product Rule, we have

F'(x)=%[(x+3)(x+3):|
:(x+3)-j—x(x+3)+(x+3)-%(x+3)

=(x+3)-(1)+(x+3)-(1)
=2x+6
=2(x+3)

31. y= (x3 —4x)2 = (x3 —4x) (x3 —4x)
Using the Product Rule, we have

=l -]

d
= (x3 - 4x)-g(x3 —4x)+
(x3 - 4x) ~%(x3 - 4x>
= (x* - 4x)- (352 - 4)+
(" - 4x)- (327 - 4)
Simplifying, we get
= 2(x* - 4x)(3+” - 4)

= 2x(x2 - 4)(3x2 - 4)

32, y=(3¢ —4x+5)2

= (3x7 —4x+5)(3x” ~4x +5)
Using the Product Rule, we have

%z %[(3# —4x+5) (322 —4x+5)]
= (32 —4x+5)-%(3x2 ~4x+5)+
(3x2 —4x+5)-%(3x2 —4x+5)
=(3x2—4x+5)~(6x—4)+
(3x2 —4x+5)-(6x—4)
=2(3x” —4x+5)(6x-4)

=4(3x—2)(3x2—4x+5)

33.

34.

35.

163

S (x)=6x7* (67 +10x” ~8x +3)
Using the Product Rule:

f(x)= (6x_4)%(6x3 +10x? —8x+3)+

(6x3 +10x% —8x + 3)%(6{4)

= (6x7*)(18+” +20x-8) +
(6 +10x7 =8x+3)(-24x7)
Simplifying, we get
=108x72 +120x> —48x~" -
144x72 —240x7 +192x7* = 72x7°
=-36x7% —120x7 +144x~* = 72x7°

g(x) =5x7° (x4 —5x° +10x - 2)
Using the Product Rule:
g '(x) = (Sx_3 )(4x3 —15x% + 10)+
(x4 —5x7 +10x— 2)(—15x_4)
=20-75x"" +50x7 —15+75x" -
150x~ +30x~*
=5-100x"" +30x7*

F)=( 422 =3)=(r2r)(-3)
Using the Product Rule, we have:
F'(t)= %[(r +2t7 )(t2 - 3)}

:(Hzt—l).%(ﬁ_gp

(tz —3)-%(r + Zt")
= (t+2t‘1)-(2t)+(t2 —3)-(1—2t‘2)
Simplifying, we get
=24 +4+(t2 —2—3+6t‘2)
=3 —1+617
6

=32 —1+—
t2
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36. G(t)= (3t5 —tz)(t—gjz (315 —12)(t—5t“)
Using the Product Rule, we have:
G'(r)= %[(3? ) (e-st" )J
:(3t5 —12)(1+5f2)+
(t—Sfl)(15t4 —2t)

Simplifying, we get
= (3t5 +156 -7 —5)+

(15£° =758 —2¢* +10)
=18 —60r =3¢* +5, fort#0

37. y=

Differentiating we have:
ﬂ d x -1 Rl SRR
dx  dx X +1

d(x*-1) d
:E(iz +1J+E(4x3)

We will apply the Quotient Rule to the first

term, and the Power Rule to the second term.

& _ (3 +1)-(3%) = (x* ~1)-(2x)
dx (x2 +1)2

Quotient Rule

+12x

Simplifying, we get

_ (3x4 +3x7 ) - (22)(4 - 2x) e
(x2 + 1)

_ x* +3x7 +2x

- 2

+12x7
(x2 +1)

2
x°+1 2
38. =——-5x
d -1

Differentiating we have:
dy d x +1 5y
dx dr| -1

_d (x +1J d (sz)
dx x*—1) dx

Chapter 1 Differentiation

We will apply the Quotient Rule to the first
term, and the Power Rule to the second term.

v _ (+ —1)-(2x)—(x22+1)-(3x2)
dx (+*-1)

Quotient Rule

—10x

Simplifying, we get
2x* —2x— (3x4 +3x7 )

(x3—1)2

_ =X 3x 2x_10x

-

—10x

x-7 xP-7
S Jx+3 x% +3
Using the Quotient Rule.

dy_d[xt-7
dx dx x%+3

) 7)) g )

39.

(x% + 3)
N 7R I S RN
L R .
) (x4 +3)
Note, the previous derivative can be simplified
as follows
| A I (W 4
o 0 #3)(37 ) (7))
dx (¢ +3)
%xf% +x A —%xf% +%x_%
i (x% + 3)2
X —éx_% +%x_% 6%
(e 6
_ 6= +21x%
6x7 (Vx +3)
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_ Jx+4 _ X" +4
g -5 xf-s
Using the Quotient Rule.

d_yzi(x%+4J

40.

dx dx x%—S

p%_g(;f%j_@%+4{;x%)
=
Simplifying the derivative, we get
dy —8+\/;—15x%
dr 67 (x% —5)2

x—l

41. f(x)= o

Using the Quotient Rule, we have

o=l )
b)) )

(x +x! )2
_ —x =X X
(x_1 + x)2
= Lﬁlﬁ forx#0
(xfl + x)
The previous derivative can be simplified as
follows:
Al
I (x) _ 2x .
(x_l + x)
-2
— X
(t+a)
_2
)
X
2 X
x (1 +x2 )
= 2% > forx#0
(x2 + 1)

2. f(x)= x—1x+1

Using the Quotient Rule, we have

f'(x)=ﬁﬁ]

(x_l + 1)%()6) - (x)%(x_l + 1)

(x_l +1)2
() ()= (x)(-1x7)
) (x’l +1)2
CxT
()
S AL i
(x‘1 +l)

Note, the previous derivative could be
simplified as follows:

' X (X + 2) for x#0
fx)="—5 and -1
(1 + x)

43, F(x):tL4

Using the Quotient Rule, we have

F'(t)z%(ﬁj
d

(1=4) ()= (1) (-4)
(1-4)
(1=4)(0)- (1)(1)

44, G(t):t-}-_z

Using the Quotient Rule, we have

LLod( 1
G (’):E(H_zj
(£+2)(0)-()(1)

(t+2)2
-1
- (t+2)2

Copyright © 2016 Pearson Education, Inc.

165



166

3x? —5x
45. f(x)= R

Using the Quotient Rule, we have

Fi()=d (3x2 —SxJ

:E x2 -1

(+ —1)%(%2 ~5x)-(3x" —SX)%(XZ -1)

(o
(xz - 1)(6x - 5) - (3x2 - 5x) (2x)
()
6x° —5x° —6x+5—(6x3 —10x2)

(=)

_ 5x —6x+5
(v -1)

3x% +2x
46. f(x)= =

Using the Quotient Rule, we have

/(%) i[w—mJ

Cdx| K241

(w2 +1)(6x+2) - (37 + 2x) (2)
(x2 +1)2
63" +2x7 +6x+2-(6x7 +4x7)
i (v 1)
~2x% +6x+2
(x2 + 1)2
-2(x? -3x-1)

(x2 +1)2

Chapter 1 Differentiation
~ +3t+5
47. g(1)= Ry

Using the Quotient Rule, we have

g'(f)=§(ﬂJ

t\ 2-2t+4

(z2 —2t+4)%(—t2 +3t+5)

(t2 —2t+ 4)2

(—12+3z+5)%(12—2z+4)

(12 —2¢+4)2

(P -2ra)(-20+3) (-2 +30+5)(26-2)

2
(t2 -2t + 4)
Note, the previous derivative could be

simplified as follows:

28 +74 —14t+12—(—2t3 +872 +4t—10)
g'(t)=

2
(2 -20+4)
2 —18t+22
T N2
(t2—2t+4)
8. 1()- 37 +2¢-1
' —* +4r+1
Using the Quotient Rule, we have
d (37 +2t-1
1 )= —| ——— ~
/) dt[—t2+4t+1]

(<2 +4r+1)(6r+2) (3 +20-1) (-2t +4)

2
(—t2 +4r+ 1)
The previous derivative can be simplified as
follows:
, 141 +41+6
f (’ ) - 2"
(¢ -4-1)
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8
.= x> +4
& (x> +4)(0)-8(2x)

dx (x2 + 4)2

d_y_ —16x

dx (x2+4)2

-16(0
a) When x=0, d—y:—()—o,sothe

(02 +4)2
slope of the tangent line at (0,2) is 0. The
equation of the horizontal line passing
through (0,2) is y=2.
b) When x=-2,
dy _ -16(=2) 32

1

p 3 —azz,sothe slope
X ((—2)2 n 4)

of the tangent line at (—2,1) is % Using

the point-slope equation, we have:
Yy=n =m(x—x1)

50. y= =

" (x+1)-(;x_%)—x%'(l)

dx (x+1)
Lose s
2 2

(x+1)2
_ —x% + x7%

2(x+ 1)2

de  2(1+1)

51.

167

Therefore, the slope of the tangent line at

(1,%) is 0. The equation of the horizontal
. . 1) . 1
line passing through 1,5 1S y= 5"

b) When x=l,
4

Therefore, the slope of the tangent line at
12 12
—,— |is — . Using the point-slope
(4 5) g5 e e PO
equation, we have:
Y=N" =m(x—x1)

_E_E(x_l)
Y755\ s

2 12 3
e
5 25 25
127
R TRRY
y=x'+——
y = 1(0)-30)
dx (x—l)2
=41X— 3
(x-1)
a) Whenx=2,y=(2)2+%=4+3=7,
andd—y:2(2)—%:4—3:1.
dx (2-1)

Therefore, the slope of the tangent line at
(2,7) is 1.
Using the point-slope equation, we have:
Yy=n :m(x_xl)
y=7=1 (x - 2)
y=T=x-2
y=x+5
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2 3 3 21
b) When x=3, y=(3) +—=9+—=—,
) Y () 3—-1 2 2
andd—y=2(3)— 3 =6—2=2.

dx (3_1)2 4 4

Therefore, the slope of the tangent line at

(S,EJ is ﬂ
2 4

Using the point-slope equation, we have:
Yy=n :m(x_xl)
JH 2 g
2 4
22 e

X
2 47 4

52. y=

dy_(l+x2)(4)—4x(2x)
dx (1+x2)2
_ 4+4x% -8y
()
_4-4x?

4-4(0)
a) When x=0, ﬂ=—()=4

(1)
Therefore, the slope of the tangent line at
(0,0)is 4.
Using the point-slope equation, we have:
Yy=n :m(x_xl)
y—0=4(x-0)
y=4x

dy_4-4(1) o0,

2
dx (1 + (_1)2) 4
Therefore, the slope of the tangent line at
(=1,-2) is 0. The equation of the horizontal

b) When x=-1,

line passing through (-1,-2) is y=-2.

Chapter 1 Differentiation

53. The average cost of producing x items is
C(x
Ao (x)= <(6d) . Therefore,
X

750 +34x —0.068x"
Ac (x) = . .

Next, we take the derivative using the Quotient
Rule to find the rate at which average cost is
changing.

d

Ac'(x)=g[

Ae'(3)= x(34—0.136x)—(7(1(;;34x—0.06gx2)(1)

34x—0.136x% — (750 +34x— 0.068x2)

x2

_ —0.068x* —750
Sl

750+ 34x — 0.068x> J
X

x
Substituting 175 for x, we have

~0.068(175)" =750
(175)°
_ —2082.5-750

30,625

=—0.09249
Therefore, when 175 belts have been produced,
average cost is changing at a rate of —0.09249
dollars per belt.

Ac'(175) =

54. Aq(x)=
)= 375+0.75x7%

X

x[o.75(ix‘% D ~(375+0.75574)(1)

Ac’(x): 2

D o375
16 4

2
X

_3 Jh3ys
16
2
The solution is continued on the next page.
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Substituting 81 for x into A, '(x) from the

previous page, we have:
381y -375
16

(81)

=-0.05792753

=-0.0579
Therefore, when 81 bottles of barbecue sauce
have been produced, the average cost is
changing at a rate of —0.0579 dollars per bottle.

Ac'(81)=

55. The average revenue of producing x items is

Ay (x)= Rix . Therefore,
45:10 45
AR (x) = . = % .

Next, we take the derivative using the Quotient
Rule to find the rate at which average revenue is
changing.

, d( 45
AR (x):a(x%o)

- 2x o
Substituting 175 for x, we have
9
Ap'(175) = ———~
2(175) %
2
586.64023
=-0.0153
Therefore, when 175 belts have been produced,
average revenue is changing at a rate of

—0.0153 dollars per belt.
R(x)
56. A4 =
& (x) »
7.5x"7 15
Ap(x)=—"—=—73

169

x"3(0)-(7.5)(0.3x7"7)

Ap'(x)=
(x0'3)
_ 2257
06
B
Substituting 81 for x, we have:
2.25
Ap'(81)=———+
'(81) (81)1‘3
=-0.007432792
=—-0.0074

Therefore, when 81 bottles of barbecue sauce
have been produce, the average revenue is
changing at rate of —0.0074 dollars per bottle.

P(x) _ R(x)=C(x)

From Exercises 53 and 55, we know that
45x70 - (750+ 34x - 0.068x”)

57. Ap(x)=

A =
P(x .

_0.068x” —34x—750+45x0

X
Using the Quotient Rule to take the derivative,
we have:

o
x(0.136x—34+40.5x 10)
Ap '(x) = -

(x)°

(0.068x” 34~ 750+ 45270 ) (1)

(x)°

_0.068x% +750—4.5x"

x2

Substituting 175 for x, we have:
2 _ Jo
0.068(175)" +750-4.5(175)
Ap'(175) = >
(175)
_ 2082.5+750 - 469.8365
30,625
_ 2362.6635
30,625

=0.0772
When 175 belts have been produced and sold,
the average profit is changing at a rate of 0.0772
dollars per belt.
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Alternatively, we could have used the
information in Exercises 53 and 55 to find the
rate of change of average profit when 175 belts
are produced and sold. Notice that

Ap'(x) = A (x)= 4c ' (x)
=-0.0153—(-0.0925)

=0.0772
58. Ap'(x)=Ag"(x) - 4c"(x)
=-0.0074—(-0.0579)

=0.0505

Therefore, when 81 bottles are produced and
sold, average profit is changing at rate of 0.050
dollars per bottle.

59. The average profit of producing x items is

R(x)-C
Ap(x)= R(x)-Cx) . Therefore,
X
65x"? - (4300+2.1x"°)
Ap(x)=
X
~65x™7 = 2.1x"° - 4300
= . .
Using the Quotient Rule to take the derivative,
we have
4p'(x)
x(65(0.9x° )~ 2.1 (0,63 )) - (655" ~ 2.1x" - 4300) (1)
. ()
58.5x%% 1.26x"° — (65x°? - 2.1x°¢ - 4300)
—6.5x"7 +0.84x"° +4300

x2

Substituting 50 for x, we have

-6.5(50)"” +0.84(50)"° +4300
(50’

_ 4089.00428745

2500
=1.63560171
=1.64
Therefore, when 50 vases have been produced

and sold, the average profit is changing at rate
of 1.64 dollars per vase.

Ap'(50) =

Chapter 1 Differentiation

R(x)-C(x)

60. Ap(x)=
X

Therefore,
75x%8 — (900 +18x%7 )

X
75x%8 —=18x%7 =900

X

AP(X)=

Ap '(x)
~ x(60x70? -12.6x70%) - (755" - 18x"7 - 900) (1)

(x)°
~15x"% +5.4x°7 +900

- 2
X

Substituting 20 for x, we have
-15(20)"° +5.4(20)"7 +900
) (20)°

779.18169591
ST
=1.94795424

=1.95
Therefore, when 20 skateboards have been
produced and sold, the average profit is
changing at rate of 1.95 dollars per skateboard.

4,'(20)

61. P(1)=567+1(36:"°~104)

a) Using the Product Rule and remembering
that the derivative of a constant is 0, we
have

P'(1)=0+(36(0.6:°4))+(36:"° ~104) (1)

=21.6:"° +36:"° ~104
=57.6t"° ~104
b) Substituting 45 for ¢, we have:
P'(45)=57.6(45)"" ~104
=565.39243291-104
=461.39243291
0 P'(45) is the rate of change of the gross

domestic product 45 years after 1960, or in
2005. In other words, the U.S. Gross
domestic product was increasing at a rate of
461.39243291 billion dollars per year in
2005.
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500t
62. P(t)=——rn
(x) 2249
242 +9)(500) - (500¢) (4¢)
a) P'(1)= ( ) 2
(2t2 +9)
1000#2 + 4500 — 2000¢>
(Zt +9)
_ —1000¢* +4500
S ks
(212 + 9)
—500(2t2 - 9)
(2t2 + 9)2
b) P(12)= 500(12) _ 8900 _ 552020

212y +9 297

After 12 years, the city’s population is
approximately 20.2020 thousand people or
20,202 people.

-500(2(12)} -9)

0 P'(12)= —
(2012 +9)
pr(12) = 13500
88,209
= -1.58147128

The city population is growing at rate of
—1.581 thousand people per year. In other
words, the city population is declining at a
rate of 1,581 people per year.

63. T()= z;t +98.6
>
0 7= +12£4)+1;4 0
_ 4’ +4-87
(t2 +1)2

47 +4
(o)

—4(e 1)

171

4(2
b) T(Z) = #+98.6 = §+98.6 =100.2
(2)" +1 5
After 2 hours, Gloria’s temperature is
approximately 100.2 degrees Fahrenheit.
—4( 2) - 1) ~
C) T’(Z) =(—2=£= —048
2 25
((2) + 1)

After 2 hours, Gloria’s temperature is
changing at rate of —0.48 degrees per hour.

;3

64. f(x)=—2%

4

—+5
xz

Simplifying the function we have:
3
7- 7 2x2
Sx)=7=5 0
—+5 <X

x2

7(2x2)—3(x)
4(2)+5(2x%)

_14x7-3x

8+10x7
We apply the Quotient Rule to take the
derivative.

(8+10x7)(28x~3)— (14x - 3x) (20x)
(8+10x2)2

£(x)=

_280x° —30x +224x — 24— 280x” +60x”
- 2
(8+10x7)

_30x” +224x - 24
=
(8+104?)
The previous derivative can be simplified as
follows:
2 u—
£1(x)= 15x° +112x 212. 20
2(5x +4)
65. y(r)=5t(r-1)(2t+3)
First, group the factors of y (t) in order to apply
the product rule.
y(t)=[5t(t-1)]-(2t+3)
Now we calculate the derivative at the top of the
next page.
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Notice that when we take the derivative of the
first term, [St(t - 1)} we will have to apply the

Product Rule again.

y'(e)=[5t(t=1)](2)+ (2e+3)| (5¢)(1)+(t=1)(5)
Product Rule for [ 5¢(r-1) ]
=10¢(r—1)+(2t+3)[5t+5¢ - 5]
=10¢(¢r—1)+(2¢+3)(10:-5)

The previous derivative can be simplified as
follows:

y'(¢)=10¢* = 10¢+20¢% + 30t — 10— 15
=302 +10¢-15

66. f(x)=x(3x7+6x-2)](3x" +7)
f‘(x) = [x(3x3 +6x—2)}(12x3)+
(3 +7) (9 +.6) + (347 + 6 -2) (1)
=36x  +72x° = 24x* +
(3x4 +7)[9x3 +6x+3x° +6x—2]
=36x" +72x° —24x* +
(3x4 +7)[12x3 +12x—2]
=36x  +72x° —24x* +36x" +
36x° —6x* +84x> +84x—14
=72x" +108x° —30x* +84x> +84x - 14
241

67. g(x)=(x3—8)~x2_1

We will begin by applying the Product Rule.
d(x*+1) x*+1 d
3 3
"(x)=(x"=8)—| 59— |[+—5——(x" =8
g'(%) ( )dx(xz—lj xr-1 dx( )

Notice, that we will have to apply the
Quotient Rule to take the derivative of

2
x“+1

-1

£ =(e )

Xt - 1) (2x) - (x2 + 1)(2x)
)

+

e
(-9 2-4X)2+(;€jj].(3x2)

Chapter 1 Differentiation

The derivative on the previous column can be
simplified as follows.

—4x(x3—8) 3x2(x2+1)
R
_—4x4+32x+3x4+3x2‘x2—1
- (x2—1)2 -1 a1

g'(x

_ —4x® +32x+3x0 - 3x7

(1)

_ 3x% —4x* —3x2 +32x
(w-1)
't3 -1
£ +1
' (t3 +1)(3t2)—(t3 —1)(3t2)
f (t) = ([5 +3) ([3 + 1)2

68. f(1)=(r+3)

61> -1
(643 (tsil)z +(;3+1)514

_ 61> (15 +3) . 54 (13 - 1)
(7 +1)2 £+

(x—l) x*+x+1
- ”%

First we will group the numerator, to apply the
Quotient Rule. Remember that we will have to
apply the Product Rule when taking the
derivative of the numerator.

f(x): [(x—i)(x +x+1)}

x-3x3-5

We calculate the derivative at the top of the next
page.
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Calculating the derivative from the function on 72.
the previous page, we have:
()
(x4 -3x° —5)[(x—1)(2x+1)+(x2 +x+1)(1)}
(x4 —3x° - 5)2
[(x - 1)(x2 +x+ 1)} (4)63 - 9x2)
(x4 -3x - 5)2
~ (x4 —3x° —5)[2x2 —x—1+x? +x+1]
) (x4 -3x° —5)2
[x3 - 1](4x3 - 9x2)
(x4 —3x° - 5)2
~ (x4 -3x° - 5)[3x2J—[x3 - 1}(4x3 —9x2)
(x4 -3x° - 5)2
_3x° 927 —15x% —4x® 492 +4x° - 9x
(x4 -3x° —5)2
_—x044x 247
(x* 32" - 5)2 73.
0. flx)= andg(x):x_—_:l
o) -x() _ 1
R (X)— (x+1)2 - (x+l)2
(o DO -(=N) 1
R A N
c) . The two functions have the same rate of
change.
M. f(x)= xfz_l and g (x) = le_l
2 f'(x) _ (x2 —1)(2)c)—2x2 (2x) _ —2x :
(+*-1) (x*-1) 74.
b g'(x)= (¥ -1)(0)-1(2x) 4

2 - 2
(x2 - 1) (x2 - 1)
c) \. The two functions have the same rate of

change, therefore the graphs will have the
same slope.

173

. Suppose F(x)=f(x)-g(x)-h(x), where
f (x) is the “first” function, g(x) isthe
“second” function and A (x) is the third

function. Using the associative law of
multiplication, we can write

=[/(x)-g(x)]-h(x)

Product Rule we have:
P ([f
= [ f(x
= [ f

. Then using the

(xJ i >)
)g(x) ]h' x
(x ]h‘ X
[f<x>g'(x)+g(x f(x)]
f( )2 (x)h'(x)+ 1 (x)g" (x)A(x)+

S'(x)g(x)h(x)

The derivative of the product of three functions
is the first function times the second function
times the derivative of the third functions plus
the first function times the derivative of the
second function times the third function plus the
derivative of the first function times the second
function times the third function.

QINGHON

“n general the derivative of the reciprocal of
a function is not the reciprocal of the derivative.

Let f'(x)be the derivative of f(x).

Therefore, the reciprocal of the derivative is
1

I(x)

The reciprocal of the function is

ﬁ , using
the Quotient Rule, we find the derivative of the
reciprocal.

i[ ! ]: S(@)0)-0)(x) __ ()

dx| f(x) (f(x)) (f(x)

Clearly, the derivative of the reciprocal is not
equal to the reciprocal of the derivative.

R(0)=0" [g_gj

2 3
AR _ o L), (k_Q
) dQ_Q( 3) (2 3)( )
12, k L
= 3Q 2Q
-0* +kQ
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75.

76.

b) . The derivative found in part (a) tells us
the rate of change of the reaction with
respect to a small change in the quantity of

the dose. If the reaction is measured in blood

pressure, then the derivative tells us at a

dosage Q, how much change in millimeters

of mercury is seen due to a small change in
the dosage. If the reaction is measured in
temperature, the derivative tells us at a
dosage Q, how much change in degrees
Fahrenheit is seen due to a small change in
the dosage.

a) Definition of the derivative.

b) Adding and subtracting the same quantity is

the same as adding 0.
¢) The limit of a sum is the sum of the limits.
d) Factoring common factors.
e) The limit of a product is the product of the

limits and lim f(x+h) = f(x)
h—0
f) Definition of the derivative.

g) Using Leibniz’s notation.

The break-even point occurs when P(x)=0.
P(x) = R(x)—C(x)

=7.5x"7 ~375-0.75x"
Using the window:

Ymin=-5EA
Ymax=3E0
Yecl=16A
Ares=1

We graph the profit function on the calculator.

The break-even point will be the zero or x-
intercept of the function.

—

ek
n=rzB.15048 =0
We see that the break-even point occurs at
x =328 bottles.

The solution is continued on the next column.

77.

Chapter 1 Differentiation

The profit is changing at rate of

P'(x)=5.25x"% —0.5625x

Substituting 328 for x we have:

P'(328)=525(328) " ~0.5625(328)
=0.791239

=0.79
Therefore, at the break-even point, profit is
increasing at a rate of 0.79 dollars per bottle, or
79 cents per bottle.

From Exercises 54, 56, and 58 we know that:
Ap'(x)=Ag'(x)— A4 '(x)

30 —36x%7 +6000

16x*
Substituting 328 for x we get:

3(328)" - 36(328)"7 +6000
16(328)°
~0.00241342

= 0.0024
At the break-even point, average profit is
changing at a rate of 0.0024 dollars per bottle.

4,'(328) =

The break-even point occurs when P(x)=0.
P(x)=R(x)-C(x)
= 45x70 - (750 + 343 - 0.068x”

= 0.068x% — 34x — 750 + 45x10

Using the window:
bl THOIOW

We graph the profit function on the calculator.

/
/

The solution is continued on the next page.
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The break-even point will be the zero of the
function. Using the zero finder on the calculator
we have:

/

kg
w=168.05418 Y=0
We see that the break-even point occurs at
x =170 belts.

The profit is changing at rate of

P(x)=0.068x> —34x — 750+ 45x/0

P'(x)=0.136x—34+40.5x /b
Substituting 170 for x we have:
' — _ _%ﬂ
P'(170) = 0.136(170) — 34 + 40.5(170)
=13.353

=13.35
Therefore, at the break-even point, profit is
increasing at a rate of 13.35 dollars per belt.
From Exercise 57 we know that:

\_ 0.068x% +750—4.5x0
4p'(x)= &
X
Substituting 170 for x we get:
~0.068(170)° +750-4.5(1 70)"
(170)°
~0.07811=0.078

At the break-even point, average profit is
changing at a rate of 0.078 dollars per belt.

4,'(170)

f(x) = x? (x—2)(x+2)

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.

Flotl Flakz Floks
‘:':'-.’1 B 2 oE—220n+2

=MeBrnDeriwihy .8
o

MW=
~hy=
wNe=

Using the window:

The graph is displayed on the next column.

79.

175

From the previous column we have:

AN
Vi

Note, the function f (x) is the thicker graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency. We estimate the points at which the
tangent lines are horizontal are

(0,0),(~1.414,-4), and (1.414,-4).

f(x)=(x+%j(x2—3)

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative

without actually calculating the derivative.
Flobl Plokz  Plok:
E'-:.'-H Bin+2rma(m™2-

=MeBrnlderiwviy' . H.
Ha

wMr=
wMy=
wMe=

Using the window:

WIHOOL
amin= -4
mmax=d
necl=1
Ymin=-28
Ymax=2H
Ve l=5
ares=1

We get the graph:
20

i

i

-20
Note, the function 1 (x) is the thicker graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. We can see that the derivative
never intersects the x-axis, therefore, there are
no points at which the tangent line is horizontal.
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81. f(x)=

x -1
4 (x) x*+1
Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative

without actually calculating the derivative.
Flokl FlakZ Flokz
:"{'1 Bia3-1ar ™2

2
=MeBrnlderiwviy' . H.
o

M=
~hy=
=MNe=

Using the window:

-2
Note, the function 1 (x) is the solid graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative.

Using the trace feature, the minimum/maximum
feature on the function, or the zero feature on
the derivative on the calculator, we find the
points of horizontal tangency. We estimate the
points at which the tangent lines are horizontal

are (—0.596,-0.894) and (0,-1).

0.01x?

x*+0.0256
Using the calculator, we graph the function and
the derivative in the same window.
We can use the nDeriv feature to graph the
derivative without actually calculating the
derivative.

Flatl Flotz Fleks
W ECEL AL A2 O
~d+E, B256 0
g?zEnDeriu{¥1=H=

M=
~hy=
=MNe=

82.

Chapter 1 Differentiation

Using the window:

-0.15
Note, the function f (x) is the thicker graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency.

We estimate the points at which the tangent
lines are horizontal are

(-0.4,0.03125), (0,0), and (0.4,0.03125).

0.3x
/()= 0.04+ x°

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.

Flakl Flekz Flotz

W ECE,. IEa 08, 84
+H 2 )
gngﬂDerluﬂ¥1=H=

wha=

Ny =

=MNe=

Using the window:
W T O
aAmin=-1
Amax=1
mecl=.2
Ymin=-1

The solution is continued on the next page.
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Exercise Set 1.6

Using the information from the previous page,
we get the graph:
1

( | A
_1llll IIII1

-1
Note, the function f (x) is the thicker graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency.

We estimate the points at which the tangent
lines are horizontal are

(~0.2,-0.75) and (0.2,0.75) .

4x

4 (x) x*+1

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative.

Flatl Flokz Flots
W ECGRY ST+

SMezBnDeriwioy' .=,
W

wha=

Ny =

=MNe=

Using the window:

WIMOOL
aAmin=-3
HMmax=3
mecl=1
Ymin=-4

84.

177

Note, the function f (x) is the thicker graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency.

We estimate the points at which the tangent
lines are horizontal are (—1,-2) and (1,2).

4-4x7
The graph of y, = s

(x2+lf

This graph appears to be the correct derivative
of the function in Exercise 83. Using the
Quotient Rule we can verify this result.

4x
f(x)_x2+1

4-4x2
f1()=

(x +l)
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Exercise Set 1.7

1. y=(3-2x)
Using the Extended Power Rule:
D i[(3 -2x) |
dx dx

21 d
o

=2(3-2x) 3-2x)

dx
=2(3-2x)(-2)

=8x—12
Simplifying the function first, we have:

y= (3—2x)2
=(3-2x)(3-2x)
=4x* —12x+9

We take the derivative using the Power Rule.

d—yzi(4x2—12x+9)

dx dx
d/ o\ d d
=2 (ax?)- L (12x)+ =
dx(x) dx( x)+dx(9)
=8x—12

The results are the same.

2. y=(2x+1y
Using the Extended Power Rule:

Y _ i[(zxﬂ)z]
dx dx

=2(2x+1)"7(2)
=8x+4
Simplifying the function first, we have:

y=(2x+1) =4x? +4x+1

Now we take the derivative using the Power

Rule.
L = i(4x2 +4x+1)
dx dx

=8x+4

The results are the same.

3. y= (7 - x)55
Using the Extended Power Rule:

2-slo-07]

6.

Chapter 1 Differentiation

dy 54
—=55(7 -1
Y ss(7-x)* (-
=-55(7—x)"
y—(8—x)100
D _100(8-2)" (-1)
dx
=-100(8-x)”
y=+1- z(l—x)%
Using the Extended Power Rule
d—y:i(l—x)%
dx dx
1 y-1 d
=—(1-x)"" - Z(1-
L L)
= S0
_ -1
2(1-x)"
-1
2N1—x

y=T+8x = (1+8x)"

% = %[(1 + Sx)%]

- %(1 +8x)75.(8)
_ 8
2(1+8x)"

_ 4

VI1+8x
y=+3x*-4 =(3x2—4)%

Using the Extended Power Rule

d d YA
d_zza[(gxz_zl) }

= %(3x2 - 4)_% .%(33& - 4)

L s
_2(3x2—4)% (62
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8. y= 4x2+1=(4x2+1)%

d—y=i[(4x2 +1)%}
dx dx

Zﬁ ;(4 +1)/(8x)
8x
2(4x2+1)%
_ 4x

Vax? +1

-50
9. y= (4x2 + 1)
Using the Extended Power Rule

b_ i[(w +1)5°}
dx dx

= —50(4x2 +1)_5°_1 -%(4;;2 +1)

= =50(42” + 1)_51 -(8x)

= —400x(4x2 + 1)751
—400x
(4x2 + 1)51

10. y= (8x2 - 6)740

d d -
d_i dx{(82 6)40}

= —40(82” - 6)_41 (16x)

= —640x (8x2 - 6)741

—640x
(8x2 - 6)41

11. y= (x—4)8 (2x+3)6
Using the Product Rule, we have

Z—i:%[(x—4)8(2x+3ﬂ

= (x-4)° j—x(2x+3)6 +(2x+3)6di(x—4)8

X

179

Next, we will apply the Extended Power Rule.
%: (x—4) {6(2 +3) :;(2 +3)}
(23 06-4)" 4 (- 4)|
= (x-4)'[6(2r+3 (2) [+
(26+3)[8(x-4) (1)

=12(x—4)° (2x+3)° +8(2x+3)" (x-4)
Factoring out common factors, we have:
dy 7 5
E=4(x—4) (2x+3)"[3(x—4)+2(2x+3)]
4(x—4) (2x+3) [3x—12+4x+6]
4(x - 4)7 (2x + 3)5 (7x - 6)

12. y=(x+5) (4x-1)"
Z—y= (x+5) [10(4x—1)9 (4)}+
(4x=1)[ 7(r+5)° ()]

o(x+5) (4x—1) +7(4x-1)"" (x+5)°

) (4x—1) [40x+200+28x 7]

4
(x+5)° (4x=1)"[40(x+5)+7(4x~1)]
(x+
=(x

+5)° (4x—1)" (68x+193)

13. y =;2= (4)c+5)_2

(4x + 5)
Using the Extended Power Rule

Y i[(4x+5)’2}
dx dx

= 2(4x+5)"" -%(4”5)
= 2(4x+5)"-(4)
= —8(4x+5)"
-8
(4x+5)
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14.

15.

16.

1 -2

y= W = (3x + 8)
% - %[(3“8)‘2}

= 2(3x+8)"-(3)

=6

~ (Bx+8)°

_ 4x?

YT o5y

First, we use the Quotient Rule.

dy _d 4x>
dx  dx (7—5x)3

(7 - 5)c)3 di(4x2 ) —4x? di(7 - 5)c)3
X Ix

((7- 5x)3)2

Next, using the Extended Power Rule, we have:

gy (=53 (80)-4x [307-53 (-5)]
dr (7-52)°
8x(7 - 5)6)3 +60x> (7 — 5)5)2
(7-5x)°

(7—5x)2 [8x(7—5x)+60x2:| .
= -5 < Factoring
_ 56x—40x> +60x>
 (7-5x0)
_20x7 +56x
 (71-5x)"
_ 4x(5x+14)
C(7-50)

7x°
(4- 9)6)5
& 4 9x)° (21x) - 7° [5(4 —9x)* (—9)}
dx ((4-9x) )2

2102 (4-9x) +315x° (4 9x)*

(4— 9x)10
21x% (4-9x)'[ (4~ 9x) +15x]
) (4 - 9x)10

Dividing
common factors

y:

17.

18.

19.

Chapter 1 Differentiation

dy 21x* (4+6x)
_42x” (3x+2)
C(4-ox)°

5 4
f(x)= (3+x3) —(1+x7)
Using the Difference Rule and then the
Extended Power Rule we have:

fv<x>=%[(3+xa)5_(l+x7)“}
S e ()
“s(3ee) (%(3”3))_
afi+a) (%(m? ))
=5(3+27) (35%)-4(1+27) (1)

=15x7 (3+x3)4 —28xS (1+x7)3

f(x)=(1+x3)3—(2+x8)4
f'(X)Z%l:(l+x3)3—(2+x8)4:|

=3(1+x3)2(3x2)—4(2+x8)3(8x7)

=9x? (1+x3)2 -32x7 (2-}-)68)3

f(x) =x’+ (200 - x)2
Using the Sum Rule and the Extended Power
Rule, we have:

f'(x)=%[x2 +(200-x)’ |

_ d 2 d 2

—E(x )+E(200—x)

=2x+2(200-x)*" [di(zoo-x)}
X

=2x+2(200-x)(-1)

=2x+2x-400

= 4x—400
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20, f(x)=x>+(100-x)’
£(x)=2x+2(100-x)*" (1)
=2x+2x-200
=4x-200

21 G(x)=2x—1+(4—x) = (2x-1) +(4-x)
Using the Sum Rule and the Extended Power
Rule, we have:

G'(x) =] (=1 +(4- ) |

X

d v d 2
=L (2x-1)" + L (4=
L (2x 1) (4 x)

-y (di(Zx—l)j+

X

2(4—x)" (%(4 - x))

X

22. g(x)=\/;+(x—3)3 = +(x—3)3
g'(3)= ] 5+ (=3
- %x%_l +3(x=3)7(1)

:L1+3(x—3)2

ZxA
1

2Jx

+3(x—3)2

23, f(x)=-5x(2x-3)"
Using the Product Rule, we have

f‘(x) j |:—5x(2x—3)4}

X

= —Sx%[(h - 3)4J+ (2x-3)* %(—5")

181

Using the Extended Power Rule, we have
f'(x) =-5x {4(2)6 - 3)3 (%(2)6 - 3))} +
(25-3)'(-5)

=—sx|4(2x-3)°(2) [+(2+-3)' (-5)
= —40x(2x-3)’ =5(2x-3)*
=-5(2x-3)’[8x+(2x=3)]  Factoring
=-5(2x-3)*(10x-3)
24, f(x)=-3x(5x+4)°

£1(x) =33 6(5x+4)"" (5) [+ (5v+4)° (-3)
= —90x(5x+4) —3(5x+4)°
= —3(5x+4)’ [30x+5x+4]
=3(5x+4)’ (35x+4)

25. F(x)=(5x+2)" (2x-3)°
Using the Product Rule and the Extended Power
Rule, we have

F(x)= ﬁ(sﬁ 2)* (2x-3)'|

— (5x+2) L (2x=3) + (2 =3) L (50 +2)"

d_ dx
= (sx+2)' [3(2x-3)" )|+
(26-3)" | 4(5v+2)°(5)]
=16(5x+2)* (2x-3)" +20(2x-3)" (5x+2)’
*(2x-3) [4(5x+2)+5(2x-3)
)

*(2x-3)" (30x-7)

=(3x-1) [5x+1)' @)+

(201 7(3x-1 (3]
=10(3x-1)" (2x+1)* +21(2x+1)’ (3x-1)
(3x=1)° (2x+1)* [10(3x 1)+ 21(2x +1)]
(3x-1)° (2x+1)* (72x +11)

6
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27. f(x) =x*Jax-1=x* (4x - 1)%
Using the Product Rule and the Extended Power
Rule, we have

Fx) =] (4-1)"
= x2 B(M —1)” (4)} +(4x-1)" (2x)

£'(x)= 7 xzle) o ax(4x-1)
= (j;‘z_l)ux (4x-1)

The derivative can be simpliﬁed as follows:

f'(x)— 2x2 2x\/4x V4x -
' a1 1 J4x 1
20?7 2x(4x-1)
= +
Jax—-1  Jax-1
B 2x2 +8x2—2x
\/4x—1 \/4x—1
le -2x

Vax—1

2x(5x
e
28. () f5x+2 = (5x+2)%
3[% (5x+2) } +(5x+2)" (3x%)
(

= %x 5x+2)74 +3x2 (5x+2)%

._a
\_/

5x°

S5x+2
2\/ S5x+2
The previous derivative can be simplified as
follows:
x? (3 Sx+ 12)

f’(x)z 24/5x+2

Chapter 1 Differentiation

29. F(x)=\4/x2—5x+2 =(x2—5x+2)%

Using the Extended Power Rule, we have
oy d (o bV
F (x) —E(x —5x+2)

= %(xz —5x+2)%7l -%(xz —5x+2)

-3

:%(x2—5x+2) A(Zx—S)

2x-5

3

4(x2 -5x+ Z)A

30. G(x) =3’ +6x = (x5 +6x)%
G’(x) = %[(xs + 6x)%}
= %(x5 + 6x)_% (Sx4 + 6)
_ 5x*+6
3(x5 +6x)%

_ 5x* +6

i 3-,3/(x5 +6x)2

4
3x—1
31. =
/ (x) ( S5x+2 j
Using the Extended Power Rule, we have
3
3x-1) d | 3x-1
[ — 4 -

f(x) (5x+2) dx[5x+2}
Using the Quotient Rule, we have

3x—1)3_(5x+2)(3)—(3x—1)(5)]

f'(x 24(
) 5x+2 (5x+2)
15x+6—15x+5}

B (3x 1
5x+2 (5x+2)°

) -
(5x+;)3 (5x1+12)2 ]

_44(3x-1)
(5x+2)5
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3 A
2x 4—x (4-x
32 = 34. = =
f(x) (xz_i_l) g(x) 3+x (3+xj
(25 ) (+?+1)(2)-2x(2x) g,(x):1(4—)6)_%[(3+X)(—1)—(4—X)(1)]
- C1(4=x)"| 3-x—4+x
Lo 2x V| 2x?+2-4x2 "2\ 3+ (3+x)
=3 2 2
AL () 1(3+x V2] 7
2 V| 2-2x2 2(4_x) [(3“)2]
=3 x2+l ( 5 1)2 -7
X"+ = 3 7
L 2(3+x)" (4-x)"
_3(2x) (2-2¢%) ) 7
(x2+1)3 23 +x) NA—x
24 (1) "
= —(x2 +1)3 35, f(x)=(20 -3 +4x+1)
2l Using the Extended Power Rule, we have
:M /(%) =100(25° =35> +4x+1)” (627 ~6x-+4)
(x2+1)

- 200(2x3 32+ 4x+ 1)99 (3x2 - 3x+2)

%
/3+2x 3+2x
33. g(x)= —S—x =(—5_xj 36. f(x)=(7x4+6x3—x)204

Using the Extended Power Rule, we have
) dx3 ) A J(x)=204(7x* +6x° —x)” (285 +18:7 -1
oy d|[3+2x
g(x)_dx[(S—xj J

-5 5
1-3x 2-T7x
1(3+2xj%1 d(3+2xJ 37. h(x)z(z—u) =(1—3x)

2\ 5—-x “dx\ 5-x Using the Extended Power Rule, we have
Using the Quotient Rule, we have (x) d (2—7x)5
) 'x =
1(3+2x)%[(5—x)(2)—(3+2x)(—1)} dx|\ 1-3x
== . i
2\ 5-x (5-x) _5(2—7x)5‘[i(2—7xﬂ
1 5—x V2| 10-2x+3+2x 1-3x ) [dx\1-3x
"ol 340y (5—x)2 The solution is continued on the next page.
_l(s—xj% 13
2\3+2x (5—x)2
_ 13
2(5—x)* (3+2x)"
13

2(5-x) - [3+2x)
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Next, using the Quotient Rule, we have

h'(x) f'(x):l(xz_x]% ( -2x7

5 2
_5(2—7x)4 (1-3x)(=7) = (2-7x)(-3) x - x)
1-3x (1—3x)2 _ -x2
B % %
_5(2—7x)4 ~7+21x+6-2lx (¢ =) (x* +x)
1-3x (1 -3 x)2 The previous derivative can be simplified as
. follows:
2-Tx -1 2
=5( j ] y) = -X
1-3x (1—3x)2 /() (xz—x)% (x2+x)%
T (1=3x)° =— 7 - Factoring
(1-3x) xA(x—l)AxA(x+l)A
2
2x+3)* (5x-1) = — 1
38. g(x)=(5x_l) =(2x+3j xz(x—l)é(x+l)4
-1
_ (Sx 1 (2x+3)(5)—(5x—1)(2) =—(x_l)%(x+l)%
2x+3) | (2x+3)’
_ 1] 10x+15-10x+2 -0 (a- Y
(2)6+3) i (2x+3)2 ] 40. f(x)=3 x—x° =(x—x2
( Sy ] f(x)
2 2
2x+3 (2x+3) l 453 7 (x—xz)( 3x2)—(4—x )(l Zx)
_68(5x-1) 3| x—x? (x_xz)2
(2x+3)5 ,
l(x—x2 % 3343 —4+8x+ 3 —2x*
2 2 A 34— 22
39. f(x)= x2+x=["2+x * (x‘x)
x=x \x"-x

Using the Extended Power Rule, we have

f'(x)=l[x§ +x}%1 'i_xz +x}

xT—x dx| x°—x
Using the Quotient Rule, we have

2 <x2 —x)(2x+l)—(x2 +x)(2x—l)

o]

28 = —x-2x" - x* +x

_l 2 4x %
2\ X2 —x

o]

Continued at the top of the next column.

Next, we simplify the derivative.

. 1 x—x? & x*—2x7 +8x -4
f(x):; A_ 0 2
L )

xt=2x +8x—4

4,

3(a-x) (x-22)
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(5x-4)
~(6x+1)

Using the Quotient Rule and the Extended
Power Rule, we have:

f'(X)=%[—(5x_4) ]

(6x+ 1)3
(o) [76x-4)" (9)] - (sx-4) [3(6x+1)* (6)]
((6x +1)’ )2

Simplifying the expression, we have

41.

35(5x-4)° (6x+1)" =18(5x—4)" (6x+1)’

(%)=

(5x-4)° (6x+1)’[35(6x+1)-18(5x-4) ]
) (6x+1)°
(5x—4)°[210x+35-90x+72]
) (6x+1)*

(6x+1)6

~ (5x-4)"[120x+107]
(6x+ 1)4
Therefore,
6
—-4) (12 1
f‘(x) _ (Sx ) ( Of+ 07)
(6x + 1)

42. f(x)=

(3x-2)° [4(2x +3)’ (2)} -(2x+3)* [5 (3x-2)* (3)]

8(2x+3) (3x—2) -15(2x+3)* (3x-2)*
) (3x - 2)10
(2x+3) (3x-2)'[8(3x~2)-15(2x+3)]
) (3x-2)"
_ (2x+3)'[~6x-61]
(3x-2)°
Therefore,
o —(2x+3) (6x+61)
/ (X) ) (3x - 2)6

185

43, f(x)=12(2x+1)" (3x-4)"
Using the Product Rule and the Extended Power
Rule, we have:

['(x)= 12%[(2x+1)% (3x_4)%}

—%(3x— ne (3)ﬂ +

- 12{(2x+1)%

12| (3x—4)" E(MH)% (2)ﬂ

= 12[%5(2;” 1y (3x—4)%}+

12 %(3x—4)% (2x+1)%}

2 1 — Z
—45(2x+1)" (3x—4)" SJoBx4) 4)
(2x+1)7

We simplify the derivative as follows:
f'(x)
45(2x+1) (3x-4)4 (2x+1)" L 16(3x- 4y
B 1 '(2x+l)/ (2x+1)"
45(2x+1)(3x - 4)* N 16(3x—4)"

(2x+1)" (2x+1)"
45(2x+1)(3x—4Y* +16(3x - 4)*

(2x+1)"

(3x-4) “as(2r41)+16(3-4)"

)
(2x+1)"
_ (3 44 [45(2x +1)+16(3x—4)]
(2x+1)"
_ (3x—4)"[90x+45+48x—64]
) (2x+1)%
 (3x—4)"[138x-19]
o (x+1)”
Therefore,
(3x—4)" (138x-19)
(2x+1)"

()=
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4. y= 6\3/ W +x (x4 - 6)6)3

y= 6()c2 +x)% (x4 - 6)c)3

ay
dx

6| (+° 2] [3(s* -6 (4" -]
6| (s =65 [ 32 ++) 2]
—18(x ) (x* - 6x) (4" - 6)+

2(x4 - 6x)3 (x2 +x)_% (2x+1)

45. y=%=15u_3 and u=2x+1

u
—4
D_ys (-3 =—asu™ = —45
du u
du _,
dx
Applying the Chain Rule, we have:
& _dy du
dx du dx
—45
= —4 . 2
u
—45 .
= -2 Substituting 2x +1 for u
(2x+1)
-90 N
= 7 Simplifying
(2x + 1)

46. yzfzu% and u=x>-1
dy Yo L1

du 2 2 2u
ﬂ:2x271=2x
dx
dy _dy du
dx du dx
1
= 2x
2u
X
-1

47.

48.

49.

Chapter 1 Differentiation

y=u"? and u = 4x° - 2x*

d_y =500 = 50u*

du

% = 4(3x3‘1)—2(2x2“)= 12x% —4x
dy _dy du

dx du dx

= 50u™ -(12x2 - 4x)
Substituting 4x’ = 2x" foru
- 50(4x3 p )49 -(12x2 —4x)

=200x (3x - 1)(4x3 —2x2 )49 Simplifying

y:u_-ki andu:1+\/;:1+x%
u—

dy _(u=1)(1)-(u+1)(1) -2

du (u—1)’ (u=1)’
du 1 -y 1
dx 2 2/x
dy _dy du
dx du dx

21

(-1 2x

-1

= ————————— Substituting 1 + \/; for u.

R

= Simplifying

y:(u+l)(u—l) andu=x+1

D (1)) = 1)(1)  Product e

=2u
d—u=3x2
dx
dy _dy du
dx du dx

= (2u) . (3x2) Substituting x° +1 for u

= (2 (x+ 1)) (32%)

= 6x? (x3 + 1) Simplifying
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50. y=u(u+1) and u= x> —2x 53.

%:u(l)+(u+1)(1)=2u+1

—=3x"-2
x

b _d du
dx  du dx
= (2u+1)-(3* -2}

=(2(+ —2x)+1)-(3x2 -2)

= (207 —4x+1)- (35 -2)

51.  y=5u’+3u whereu = x° +1

d—y=10u+3
du

du _
dx
Applying the Chain Rule, we have:
dy dy du
dx  du dv

= (10u+3)-(3+?)

3x2

= (1 0 (x3 + 1) + 3) . (3x2 ) Substituting for u
=3¢ ((10x +10)+3]

=3x2 (10x3 +13)

52. y=u’-7u* whereu=x>+3

d—y=3u2 —14u
du

d—u:2x
dx

Yy _& du
dx du dx
= (3u? ~14u)- (2x)

- (3(x2 + 3»)2 ~14(x? + 3)) (2x)

= (3x* #1827 +27- 142" - 42 (2x)

3x* +4x7 ~15) (2x)

= 2x(x? +3)(3x - 5)

54.

187

y=~7-3u =(7—3u)% where u = x> -9

LR
& 1-3) 7 (3)

Extended Power Rule

du
o=
We apply the Chain Rule.
dy dy du

dx du dv

-3

| 2(7-3u)" @)

2x

= -3 )y ~(2x) Substituting
2

2(7—3(x2—9)

V34 -3x7

y=32u+5=(2u+5)% where u = x> — x
dy 1 “% A 2

a "3+ 0) 3(2u+5)"
du
s
dy dy du
dv du dx

2x—1
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55. y= 21 and u=5+3¢
u - +u
dy (u2+u)(0)—(1)(2u+1)
du (u2+u)2
_ —(2u+1)
(u2+u)2
du _ 4
dt
We apply the Chain Rule.
Y _d du
dt  du dt
—(2u+1)
= 5 : (3)
(u +u)
—(2(5+31)+1)
= ; 5 (3)
(530 +(5+31))
_ -3(10+6r+1)
- 2
(530 +(5+31))
=3(6¢+11)
(5 +30) ((5+30)+1)°
o S3(6r+11)
(5+3¢) (6+3¢)

56. y=3u5_7 andu =7/ +1
@ (3¢°=7)(0)-()(15u*)
du (3u5_7)2

_ st
(3145—7)2
g
dr

Quotient Rule

Substituting

Factoring

Quotient Rule

We apply the Chain Rule at the top of the next

column.

57.

58.

Chapter 1 Differentiation

dy dy du

dt  du dt

_1g,4
= &2 -(14t)

(3u°-7)

_ —15(7t2 +1)4 (141

(3(712 ) -

~2100(7 +1)'
(3(7t2 +1)5 —7)2

10
y= (x3 - 4x)
First, we find the derivative using the Extended
Power Rule.

Zz—IO(x —4x) (3x2—4)
When x=2,

day

o=10((2)-
=10(0)’ (8)
=0

Thus, the slope of the tangent line at the point,

(2, O) is 0. The equation of the horizontal line

(2))9 (3 -4)

passing through the point (2,0)is y=0.

y:mz(x2+3x)%

dy 1/, Sl
dx_Z(x +3x) (2x+3)
. 2x+3
2\/x2+3x
When x=1,
dy (l)+3 5

5 5
dx 2\/(1 +3(1) 24 22 4
Thus, the slope of the tangent line at (1,2) is %

Using the point-slope equation, we find the
equation of the tangent line on the next page.
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Using the information on the previous page, we

have:
Y=n :m(x_xl)

y—2:%(x—1)

5 5
_2=Zx-=
Y 47 4
NS
YT,

59. y=x\2x+3 =x(2x+3)"
First, we find the derivative using the Product
Rule and the Extended Power Rule.
dy

&S @) ey

- 2x+3+\/2x+3
ViX

When x=3,

dxm\/i

=$+@

:§+3
3

=1+3=4

Thus, the slope of the tangent line at (3,9) is 4.

Using the point-slope equation, we find the
equation of the tangent line.

Y= :m(x_xl)

y-9=4(x-3)

y—9=4x-12
y=4x-3

3
60. y:(2;€_+13)

dy 3(2x+3)2 (x—l)(2)—(2x+3)(1)]

_-15(2x+3)

(x=1)"

189

When x=2,

2
dy -15(2(2)+3)
(@)

_-15(7)°
= 7
(1)
—_15-49
=-735
Thus, the slope of the tangent line at (2,343) is
-735.

Using the point-slope equation, we find the
equation of the tangent line.

Y=Wn =m(x—x1)
y—343= —735(x—2)
y—343=-735x+1470

y=-735x+1813

6L g(x)=[6x+lj2

2x-5
a) Using Extended Power Rule and the
Quotient Rule, we have

,(x)_2(6x+1)“_i(6x+1)
& 25-5) dil2x-5

2(6x+1)[(2x—5)(6)—(6x+1)(2)]

2x-5 (2x—5)2

2(6x+1)_12x—30—12x—2
C -5 | (2x-5) ]
_2(6x+1)_ -32

2x-5 _(2x—5)2}

_ —64(6x+1)

 (2x-5)
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b) Using the Quotient Rule on
(x) = 36x7 +12x+1
g 4x* —20x+25

o (#—20x425)(72x+12)
Y= _
¢ (4 - 20x+ 25)2

, we have

(363 +12x+1)(8x~20)

2
(4x? - 20x+25)
_288x” —1392x% +1560x +300
= - _
(4x? = 20x+25)

288x% —624x% —232x-20
2 2
(4x —20x+ 25)

~768x% +1792x + 320
) 2
(4x ~20x+ 25)

—64(2x-5)(6x+1)
(2x - 5)4
_ —64(6x+1)
(2x-5)

c) . The results are the same. Which method
is easier depends on the student. We believe
that the Extended Power rule offers us a
more efficient approach. It takes too much

time to expand the function, and then factor
it back to binomials.

x2

(H-x)5

a) Using the Quotient Rule and the Extended
Power Rule, we have:

(1+x) (26)=* | 5(1+)" (1]
((1 + x)s )2

2x(1 + x)5 -5x° (l + x)
(1 + x)lo

(1 + x)4 (2x(1 + x) -5x7 )
(1 + x)lo

_ 2x+2x% —5x°

(1 + x)6
_ 2x—-3x2 B x(2—3x)
(1 + x)6 (1 + x)6

62. f(x) =

4

63.

Chapter 1 Differentiation

b) Using the Product Rule and the Extended
Power Rule on f(x)=x*(1+x)~, we have
£1(x) =5 (=5 (1) (1)) + (14.2) (2)
—5x7 2x
= 3 +
(1+x) (1+x)
~5x 2x  (1+x)
st 5°
(1+x)° (1+x) (1+x)
_ —5x% +2x+2x7
(l+x)6
_ 2x—3x*
(1+)c)6
: x(2—3x)
(l+x)6
¢) The results are the same.

5

Using the Chain Rule:
f(u)=u3,g(x)=u=2x4+1

First find /'(u) and g'(x).

f'(u)= 3u?

f'(g (x)) =3 (2x4 + 1)2 Substituting g(x) for u
g'(x) =8x’

The Chain Rule states
(fog)(x)=r"(g(x)g'(x)

Substituting, we have:
(fog)(x)=3(2x" +1)2 (8¢)

=24 (24" +1)2
Therefore,
2
(fog)(-1)=24(-1) (2(—1)4 +1)
=-24(2+1)
=-24.9=-216

Alternatively, finding f (g(x)) first, we have:

f(g(x)) = f(2x4 +1) = (2x4 +1)3
By the Extended Power Rule:
/'(g(x)=3(2x* +1)2 (8°)

= 24 (2x* +1)2

Therefore, f'(g(—l)) =-216 as above.
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64. Using the Chain Rule:

65.

(u-1)
1 X — _2
f(g( )) (\/;_1)2
g'(X)=2\1/)—C
(fog)'(x)=r"(g(x)-&'(x)
= _2 . 1
Gy o
1
R}
Therefore,
(fog) ()= ———=—s=—7

(a2 2

Alternatively, finding f ( g (x)) first, we have:

f(g(X))=f(x/§)=£j

Using the Quotient Rule:

el Rl el

f'(g(x))= (\/; 1)2
(IR R
_2 2 2 2
(V1)
_ -1
R

Therefore, (fog)'(4)= —% as above.

Using the Chain Rule:
f(u)=§/—=u%,g(x)=u=1+3x2
First find f'(u) and g'(x) at the top of the

next column.

66.

191

Substituting g(x)

for u
1} 1+3x
( )—6x

The Chain Rule states
(fog)(x)=s"(g(x)-g'(x)

Substituting, we have

3. 13/ 1+3x
ﬁ} 1+3x

Therefore,
(roa)(@)=——0) >
J1+307)
4
J(13)°
~0.72348760

Alternatively, finding f (g(x)) first, we have:

f(g(x))=f(1+3x2)= (1+3x2)%
By the Extended Power Rule:

() =5(1+32) " (62)

>
(1+3x2 )%
Therefore (f og)’(Z) = 4 =0.72348760 .
Y3y
Using the Chain Rule:
f(u)=2u5,g(x) =u= i;i
f'(u) =10u*
. _ 3-x)\*
/ (g(X))—10(4+x)
()2 X)) -(3-x)(1)
g (x) (4-i—x)2
=1
(4+x)2

The solution is continued on the next page.
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Using the information on the previous page, we

have:

(/o2)'(x)=1"(2(x)-¢'(x)

o2 {55

_—70(3- x)*
(4+x)6

Therefore,

o =—70(3—(—10))4
(f g)( 10) (4+(_10))6
_ -70(13)*

(-6)

=-42.85129458

Alternatively, finding f ( g (x)) first, we have:

et 132237

Using the Extended Power Rule:

R = =

67.

4+x (4+x)2
3-x ) -7
:10(4+xj [(4+x)2]
Plel) ="

Therefore, (f o g)'(~10)=-42.85129458

as above.

3 2\0
f(x) = (2x +(4x—5) )
Letting u = 2x" +(4x — 5)* and applying the
Chain Rule, we have:
/()
6-1
= 6(2x7 + (4x-5)) -i(2x3 +(ax-5)’)
dx
We will have to apply the chain rule again to

ﬁndi(zx3 +(4x=5)’).
dx

68.

69.

Chapter 1 Differentiation

Applying the chain rule again, we have:

di(2x3 +(4x- 5)2)

X
=2ix3+i(4x—5)2
dx dx
_ (32 sy g
=2(3x?)+2(4x-5) —-(4x=53)

=6x% +2(4x-5)-4

= 6x% +32x—40.
Therefore, the derivative is:

f'(x)= 6(2x3 +(4x-5) )5 (62% +32x-40).

f(x)=(—x5 +4x+\/2x+1)3

/(%)

= 3(—x5 +4x+\/2x+1)2 .

L+ axe/2x71)

x
Applying the chain rule again, we have:

di(—xs +4x+m)

X

4 (2x41)

1
242x+1 dx

1
2x+1
Therefore the derivative is:

f'(x)=3(—x5 +4x+m)2~

(—5x4 +4+

=—5x* +4+

=-5x* +4+

7

1
f(x) =x?++/1-3x = (xz +(1—3x)%)2
Applying the Chain Rule, we have
/()

= %(xz +(1- 3x)% );_1 -i(x2 +(1 —3x)%)

dx
= %(x2 +(1 —3x)% )_7 -%(x2 +(1 —3x)%)

The solution is continued on the next page.
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Applying the chain rule again, we have

di(xz +(1—3x)%)

X

S

=ix2 +i(1—3x)

dx dx
o 1 11 d
=2x"" 4 —(1-3x)" - —(1-3
RS (RN Y
1
=2 +——
g 2\/1—3x( )
DS N
241-3x
Therefore, the derivative is:
/'(x)

I

1 3
= 2_X— .
2\/x2+\/1—3x( 2\/1—3xj

70. f(x)= ,3[2x+(x2 +x)4

Applying the Chain Rule, we have
/(%)

= %(2x+ (x2 + x)4 )g -%(2x+(x2 +x)4)

Applying the chain rule again, we have
4
i(2x+ (xz + x) )
dx

= 2+4(x2 +x)3 -%(x2 +x)

=2+4(x2+x)3(2x+1)

Therefore, the derivative is:
' _ 1 2 4

f (x) —§(2x+(x +x) )

(2 +4(x+ x)3 (2x+ 1))

—2
3

71.

72.

73.

193
R(x)=1000yx* —0.1x = 1000(x2 - 0.1x)%

Using the Extended Power Rule, we have

R'(x)= 1000[%(x2 —O.Ix)_% (2x—0.1)}

2x-0.1

=500 )%

(x2 -0.1x
~500(2x—-0.1)
x> —0.1x
Substituting 20 for x, we have
500(2(20)-0.1
(20)° -0.1(20)
=1000.00314070

=1000
When 20 planes have been sold, revenue is
changing at a rate of 1,000 thousand of dollars
per plane, or 1,000,000 dollars per plane.

C(x)=2000(x> +2)% +700

C'(x)= 2000[%( 2 +2)7% (Zx):l

_ 40(3)0x (x2 . 2)—%

4000x
3 (x2 + 2)%

4000(20
—()2 ~ 489.57364458

C'(20)=
3
3((20)7 +2)
When 20 planes are produced, the total cost is
changing at a rate of 489.574 thousand of

dollars per plane, or 489,574 dollars per plane.

P(x) =R (x)— C(x) and

P'(x)=R'(x)-C'(x)

Since we are trying to find the rate at which
total profit is changing as a function of x, we
can use the derivatives found in Exercise 71 and
72 to find the derivative of the profit function.

There is no need to find the Profit function first
and then take the derivative.

P'(x)=R'(x)-C'(x)
~500(2x-0.1)  4000x

~JPox 3(x2 +2)

%
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74. C(x)=+5x+60 and x(t)=20¢+40 . To find

the rate of change of the cost function with
respect to the number of months, we must apply
the Chain Rule.

C'(x) =%(5x2 +60)_%(

le) =5x (sz + 60)_%

C'((1)) = 5(201+40)(5(20¢ + 40)° + 60)7%

x'(¢)=20
Using the Chain Rule, we have:
(il—f= C'(x(t))-x'(t)
-1

A .

= 5(20r+40)(5(20r+40)° +60) " -(20)

= 100(20r-+40)(5(201-+40)" +60) .
100(20¢ +40)

1
(5(200-+40)" + 6O)A
Substituting 4 in for ¢, we have:
dc 100(20(4)+40)
dt

A

(5(20(4) +40)" + 60)

~44.70273729
After 4 months, the total cost is changing at a
rate of 44.7 thousand of dollars per month, or
44,700 dollars per month.

75. Let x be the number of years since 2008.
C(x)=9.26x" —85.27x" +287.24x" —
309.12x +2651.4

a) Taking the derivative with respect to x, we
have

% - 9.26(4x3 ) 8527 (3x2)+

287.24(2x)-309.12

dC 3 2
— =37.04x" —255.81x" +574.48x —309.12

dx
b) . Answers will vary. fl—c represents the
X

rate at which consumer credit is changing
with respect to time.

Chapter 1 Differentiation

¢) Substitute 6 for x. [2014 - 2008 = 6]

9C _ 37.04(6)’ —255.81(6)’ +

dx

574.48(6)-309.12
= 8000.64 —9209.16 +3446.88 —309.12

=1929.24
Outstanding consumer credit will be rising
approximately at a rate of 1929.24 billion of
dollars per year in 2014.

76. U(x)=80

2x+1 2x+1)2
=30
3x+4 (3x+4)

V()= 40(2x+1)% {(3x+4)(z)_(2x+1)(3)}

3x+4 (3x+4)’

VA
=4O(3x+4) 5 .
2x+1 (3x+4)

200
(2x+1)" (3x+4)"

20
7. A= 1000(1+ZJ

a) Using the Extended Power Rule, we have

19
d—A:IOOO(ZO)(HL) (l)
dr 4 4

, 19
=sooo(1+—)
4

b) N % is the rate at which the amount in the
r

account is growing five years after it was
invested with respect to the interest rate.

78.  4=1000(1+7)

a) Using the Extended Power Rule, we have

2—/: ~1000(3)(1+ )’ (1)

=3000(1+7)’

A . . .
b) N i’; is the rate at which the amount in the
r

account is growing three years after it was
invested with respect to the interest rate.
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79. P(x)=0.08x"+80x and x=5¢+1
a) Substituting 5¢+1 for x, we have
P(t)=0.08(5t+1)" +80(5¢+1)
= 0.08(25¢> +10¢+1)+400¢ +80

=2¢% +400.8¢ +80.08
b) First we find the derivative with respect to 7.

P'(t)= d—P(zﬁ +400.8¢+80.08)
dt

=4t +400.8
Substituting 48 in for ¢, we have
P'(48) = 4(48)+400.8 = 592.80.
After 48 months, profit is increasing at rate
of 592.80 dollars per month.

_ 80,000

80. D(p) and p=1.6¢+9

a) Substitute 1.6¢+9 in for p in the demand
function.
80,000
()= Tervo
b) Using the Quotient Rule, we have
D'(1)= (1.6+9)(0)— (80,2000) (1.6)
(1.6¢+9)
_ —128,000

(1.61+9)’

Substituting 100 for ¢ into the derivative, we
have:

D'(100) =

~128,000

(1.6(100)+9)’

~ ~128,000
28,561

~ —4.48163580

After 100 days, quantity demanded is
changing —4.482 units per day.

81. D=0854(c+25)and c= (140—y)%
X

a) Substituting 5 for 4 we have:
D(c)=0.85(5)(c+25)
=4.25(c+25)
=4.25¢+106.25

195

Substituting 0.6 for x, 45 for y, we have:

w
=(140-45)————
e()=( )72(0.6)
—95. W
43.2
=W 199w
43.2
b) d—D=i(4.25c+106.25)=4.25
dc dc

The dosage changes at a rate of 4.25 mg per
unit of creatine clearance.

dc _ 4 (5 199)=2.199

dw dw
The creatine clearance changes at a rate of
2.199 unit of creatine clearance per
kilogram.
d) By the Chain Rule:

dD dD dc
dw dc dw
The dosage changes at a rate of 9.35
milligrams per kilogram.

©)

= (4.25)(2.199) = 9.346

e) . Answers will vary. Z,—irepresents the

rate of change of the dosage with respect to
the patient’s weight. For each additional
kilogram of weight, the dosage is increased
by about 9.35 milligrams.

82. f(x)=x"+1
Note that /"'(x)=2x and
f'(f(x))=2(x2+1).

Applying the Chain Rule to the iterated
function, we have

%[(fof)(x)] - %[f(f(X))]
=/ () /()
= 2(x2 +1).2x
=4x> +4x.
83. f(x) =x++/x
Note that f'(x)=1+ 2\1/; and

1

f'(f(x))=1+ﬁ.

The solution is continued on the next page.
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Applying the Chain Rule to the iterated
Function on the previous page, we have

(7o 1)0)]
=L (@)

dx
=f'(/(2))- /(=)

:[HsziJ;HHzJ}}

:1+2\1/;+[2\/xi&](1+2\1/ﬂ

84. f(x)=x"+1
Note that f'(x)=2x,

f'(f(x))=2(x2+1),and
f'(f(f(x)))zz((x2+l)2+l)

Applying the Chain Rule to the iterated
function, we have

(s o))

= (r(r@)]

= (£ ()£ ()1 (x)
2

=2( x2+1)2+1)- (x?+1)-2x.
85. f(x)=+3x=(3x)

M=

Note that
1 1
, a3yt JL[3)
=360 8= 300t - 23]
1
1| 3
f’f =7 1
) 2[(3@2}
1
RER:
2| 4
1
_l.(éj“
2 X

Now note that:

f(f(x)): (3(3x)%)2 — 3t

Chapter 1 Differentiation

Therefore,

f'(f(f(X)))=%'( - J

Applying the Chain Rule to the iterated
function on the above, we have

Ll(rern)]

-1 (@)

= (&) ; 1
A o) M
-

Looking at the solution, we do see a pattern in
the composite derivatives. To find the derivative
of n iterative compositions we would have the
shortcut of

Heezbh?

n—iterations

86, y=y(2x-3) +1=((2x-3) )
l:%(z —3)? )2 2(2x-3)(2))
o 2(2x-3)
i ((2x-3)° +1)%
o 2(2x-3)
) (2x-3)*+1

1
J’=\j3 X +6x+1-x° =(x3 +6x+l)A X’
Using the Product Rule and the Extended Power
Rule, we have

The solution is continued on the next page.
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ﬂ:( 3+6x+1)%.(5x4)+

dx
x° [%(}f +6x+ 1)7% (3x2 + 6)}

1 3x5 x2 +2

=5x* (x3 +6x+1 g +(—L
3(x* +6x+1)

The derivative can be further simplified by

finding a common denominator and combining
the fractions.

dy (x3+6x+1)% 5x4(x3+6x+1)%
Ez(x3+6x+1)%. 1
x° (x2 +2)
(x3 +6x+1)%

Continuing to simplify the derivative, we have:
dy 5x* (x3 +6x + l) x (x2 + 2)
dx %

2,
3

(¢ +6re1)"  (x*+6+1)

_ 5x7 +30x° +5x* +x7 +2x°

)%

(x3 +6x+1
_ 6x” +32x° +5x*

(x3 +6x+ 1)%

.V
88. y=( x—l)

ﬂ_{ ) ) (x_l)%(l)_x(;(x_l)%lj
dx )C_l ( x_l)z
A X
x=1)7% - .
3 (=) 2(x-1)"
S x-1 x—1
2x-2 x
32| 2(x-1) 2(x-1)"
S x-1 x—1
_ 3x? x=2
(x-1) Z(x—l)é
_3x2(x—2)
2(x-1)"

197

89. y=(xm)3 =(x(1+x2)%)3

Using the Extended Power Rule and the Product
Rule, we find the derivative:

3
d—y=i(xxll+x2)

=3(x(1+x2)%)2.
[x(%(l+x2)_% -2xj+(l+x2)% -1)

=3x? (1+x2)-

=3x2(1+x2)-

=3x2 (1+x2). 1+22x)2%J

( %

0. = 1-x - 1-x
d_y_(l_x) %(l—xz) %(—Zx))—(l—xz)%(—l)
dx (1-x)
x(x-1) (1= 2 %2
d_y_ l—xz)A ( )
dx (l—)c)2
¥y (l—xz)%.(l—xz)%
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2 13
x‘—x-
ot y:( x?+1 J

Using the Extended Power Rule and the
Quotient Rule, we have

L2

dx

={x2xljz{(xzﬂ)(le)(xzxl)qu

X+l (x2 +1)2

_3 xr-x-1 ’ x* +4x-1
U ()
3(x2—x—1)2(x2+4x—1)

(x2 +1)4

]
92 (x)— x> —4x _ x? —4x %
-8 \/2x+1 2x+1

XL |:(2x+1)(2x—4)— (+? —4x)(2)]

(2x+1)*

(2x+1)

[ 2x?+2x-4
(2x+1)°

e’

( 2x+1 )% 4x2—6x—4—2x2+8x]
Ferd

|

2x+1 )%_2(’62”‘2)]

| (2x+1)’

(2x + 1)% (xz — 4x)%

93. f(t)zx/3t+\ﬁ=(3t+t%)%

Using the Extended Power Rule, we have

a1 4 -% |
f(t)—5(3t+t ) (3+5t )

]
34—
_ ot
243t +4t
I N

. +
1 2t 2t

23+t

Chapter 1 Differentiation

Simplifying, we have:
6t +1
24t
7=
23+t
_ 631 +1
ININETE

9. F(v)=[6x(3-x)+2]

3

=-72(3-x)" (2x=1)(6x(3-x)’ +2)3

95. a) Applying the product rule, we have:
L]
=W @]
LT L @)+ 0T £ ()
=L @T )+ L] £ ()

d 2
We apply the product rule to a[ f (x)]

L) = £(5) 7)) ()
:2f(x)f'(x).

Therefore, we now have:
%[f(x)]3 =[] )2l 1)
=3[/ ()
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b) Applying the product rule we have:
d 4
—| f(x
/()]

- LT L]
=[f(x)]3%(f(x))+%[f(x)]3f(x)
=[/(xﬂ3f"0)+éé[j(xﬂ3f(x)

From part (a) we know that:

@] =3 T )

Therefore, substituting into the derivative
we have:

@]
=[O £+ 0T 1) 7 (x)
=4[ ()] 1'(x)

| _N()
96. . Let O(x)= D(x)’
Then. Q(x) = N(x) [D (x)]_l
Therefore,
d -1 -1d
0'(x)=N(x)=[P()] +[D(x)] —-N(x)
Product Rule
=N E)[DE)] D () +[D(x)] N ()
Extended Power Rule

97. f(x)=1.68x39.2-x%; [-3,3]

Using the calculator, we graph the function and
the derivative in the same window. We can use
the nDeriv feature to graph the derivative
without actually calculating the derivative at the
top of the next column.

98.

199

Flatl Flotz Flotz
:E;EI.EEHH‘B.E—R

SMezBnDerivoy . H,
W

] |
Ny =
=MNe=

Using the window:

WIHOOW
Amin=-3
ABMax=3
wecl=1
Ymin=-8
Ymax=3
Yacl=1
Ares=1

The graph is:
8

I \
8

Note, the function f (x) is the solid graph. The

horizontal tangents occur at the turning points
of this function, or at the x-intercepts of the
derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency. We estimate the points at which the
tangent lines are horizontal are

(—2.14476,-7.728) and (2.14476,7.728) .

£(x)=6x> =37 —48x + 45, [-5.5]
Flokl Flokz Flotz

WY R CEE 35—

485+450

gngnDerluﬂ¥1:H=

The graph is displayed on the next page.
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99.

We get the graph:
10

-10
Note, the function f (x) is the solid graph.

The horizontal tangents occur at the turning
points of this function, or at the x-intercepts of
the derivative. Using the trace feature, the
minimum/maximum feature on the function, or
the zero feature on the derivative on the
calculator, we find the points of horizontal
tangency. We estimate the point at which the
tangent line is horizontal to be

(~1.47481,9.4878) .

4—x*
Using the window:

WIHOOW
ammin=-2
Ammax=2
necl=1
Ymin=-5
Ymax=5
Yacl=1
ares=1

The graph of the function and the derivative are

shown below.

Note: The graph of the function is the thicker
graph.

Chapter 1 Differentiation

100. 1 (x)= (M+x3)5 = ((2x—1)% +x3)5
7 =s{er ) | e @ |

- 5((2x—1)% +x3)4 [ﬁwﬁ]

Simplifying, we have:
A

, Yo sV 3P (2x 1) +1

Fi(x)=5((2x-1)2+x°) | —— 2 =
(x)=5((2x-1) ){ "

5(x/2x—1+x3)4(3x2 2x-1+1)

J2x-1

Using the window:

necl=1
Ymin=-48
Ymax=d48
Y=o l=18
Ares=1

First we enter the function

5
Y, = ((2 x— 1)0‘5 + x3) into the graphing editor.

Next, we enter Y, = nDeriv(y,,x,x)into the

graphing editor. Finally, we enter
4
5((2-1)"+x7) (3¢ (201" 41)

(2)6 _ 1)OAS

The screen shot is shown below:
Flakl Flakz Flotz
al :l sy

SMeBnDeriwch'y . #s
W

~NEEDCCZE=10"8, 5
FE AT ORI S -
l%"%.5+1}x’i2:ﬂ:—1}

Y3=

We graph Y, first. The resulting graph is shown:
YZEROEFiv ] aHa

=i Y=3E0.004zE
Next we graph Y.
e B Rl (R e A LS

n=1 F=z2h
The two graphs coincide verifying the result.
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; 7 y=T7x+2
Exercise Set 1.8 p
& 7 First Derivative
dx
2
1. y=x*-7 d—;/ =0 Second Derivative
dy dx
ZX _axt 2 gyl First Derivative
le 8 y=6x-3
d_y = 4(3x371) =12x?> Second Derivative dy _
dx? P
dx
4>
2. y= X 49 2=
4 dx?
2 _ 5x
dx 1 3
2 9 yE=—=x
d—zy =20x° x
dx dy _ 3y
dx
3. y= 2x4 —-5x = —3)(;74
dy 3 -3
—=2(4x")-5= =— i ivati
o ( ) = A First Derivative
=8x° -5 First Derivative dzy s
72 e -3(~4x7)
L =8(34%) *
dx =12x7°
= 2452 Second Derivative 12 .
=— Second Derivative
X
4 y= 5x° +4x
y 2 1 -2
— =15x"+4 10. ==X
dx g x?
2 _
4y _s d_y__zx,3__32
dx2 dx X
d? 4 6
2 _;} 6x =—
5. y=4x"=5x+7 dx X
dy 2-1
242 —
dx ( x ) > 11. y= Jx = %
=8x-5 First Derivative Q _ lx%_l
d? y .. dx 2
— = 8 Second Derivative 1
dx =/
2
6 y=4x7 +3x-1 L irst Derivat
. =—= First Derivative
dy % 2Jx
— =8x+3 2
dx d_;’:l.(_lx%-l)
dZy _g dx 2 2
dx? - s x
4

=——=- Second Derivative
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13.

14.

15.

y=Yx =5
dy lx%l 1 o 1
dx 4 4x% 4. 4 x3
d’y _1(_3) o
x> 4 4
__3 U
16
_ 3 3
16 16x4P
f(x)=x3———x -5x
£1(x) =324 5(-17 )
=3x? +5x77
=3y’ +i2 First Derivative
x
f"(x)=312x""" )+5(-2x
]('n 3(2 2-1 5(=2 -2-1
=6x—-10x""
10 o
=6x—— Second Derivative
X
f(x)= PAR
f'(x)= 4x° —3x77
3
=4x’ - =
2
f"(x)= 12x% + 6x7°
=12x7 +%
x
S )=
1oy
f1(w)=52
_ %x/
1 . A
=— First Derivative
5x
" 1 _ 4 / 1
/(x)= 5[ 5]
__ A%
25
4 o
=-— Second Derivative
25x

16.

17.

18.

19.

Chapter 1 Differentiation

f (@)=
vy l 3 _ 1
! (x) 3 g 3x%
" l _2 753 — 2
f (X)—3( 3))6 9)(%
f(x) =2x7?
f'(x) = 2(—2x_2_1)
=—4x7
4 . ..
=-— First Derivative
X
£r(x)=-4(-3x77)
=12x7*
= % Second Derivative
x
f(x) =4x73
S1(x)==12x7F —i—f
f(x)=48x7 4—?

f(x) = (x2 +3x)7

7-
=7(x*+ 3x) 2x + 3 Theorem 7

(
=7(2x+3 (x2 + 3x) First Derivative
(x)=7( +3)(6(x2 +3x)67l (2x+3))+

7(x2 + 6x) (2)

2x
2x
Theorem 5

= 42(2x+3)" (¥’ +3x)5 +14(x’ +3x)6

We can simplify the second derivative by
factoring out common factors.

f "(x)
x + 3xﬂ

5[3 43> +12x+9)+ (x2+3x)]
I

5
[3 2x+3

12x% +36x +27 + x* +3x]

(13x +39x+ 27) Second

Derivative
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20. f(x) = (x3 + 2)6)6
f'(x) = 6()63 + 2x)5 (3)62 + 2)
f"(x) = 6[()63 + 2x)5 (6x)}+
6[(3x2 + 2) 5 (x3 + 2x)4 (3x2 + 2)}
= 36x(x" + 2x)5 +30 (3x2 + 2)2 (x3 + 2x)4
= 6(x3 + 2x)4 [6x (x3 + Zx) +5 (3x2 + 2)2}

6(x3 +2x)4 [6x4 1227 +45x* +60x2 +20]

6 (x3 + 2x)4 (5 I+ 7227 + 20)

2. f(x)=(3x + 20 +1)
f1(x)= (3x2 +2x+ 1)571 (6x+2) Theorem 7
=5 (3x +2x+ 1) (6x+2) st
=5(327 +2x+ 1) Theorem 5
5(6x+2)-4(3x? +2x+1) (6x+2)
=30(3x’ +2x+1) +
20(6x+2)" (347 +2x+ 1)3
=10(3:% +2x+1) [3(3% +2x+1)+
2(364 +24x+4)]
=10(327 +2x+ 1)3 (957 +6x+3+
72x” +48x+8]
=10(3x7 +2x+ 1)3 (8127 +54x+11)
Second Derivative
22 f(x)=(227 - 3x+ 1)10

/'(x)=10(2+ —3x+1)9 (4x-3)

203

f(x)= 10(2x2 —3x+1)9 (4)+

10(4x—3)'9(2x2 —3x+1)8 (4x-3)

=40(2x2—3x+1)9+

90(4x—3)’ (2% ~3x+1)

=10(2x? —3x+1)8 (4(2x2 ~3x+1)+
9(16x> ~24x+9))

= 10(2x2 —3x+1)8 (8x2 —12x+4+
1442% =216 +81)

= 10(2x2 ~3x+ 1)8 (152x2 —228x+ 85)

(xz + 1) % (2x) Theorem 7

Y
(x +1) ! First Derivative
2

5 + ],
4(x* +1)A 2(x? +1)A
We can simplify the second derivative by

finding a common denominator and combining
the fractions.

332 L3 .2(x2 +1)

4(x +1)% 4( +1)%
. 3x%+6
_4(x2+1)%

3(x2+2)
:4(x2+1)%
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24, f(x)=3} (x2 —1)2 = (x2 —1)% 27. y= (x3 —x)%

f'(X) = %(xz —1)% (2x) y'= %(xS —X)% 1 (3x2 1) Theorem 7
_§x<x2 l)% %(x3 x) yj(3x2 —1) First Derivative

f (x)=ix-_1( 2_1)%(2 ) y"=%(x3—x) A(6x)+ Theorem 5
P2 -1)" ) 2 -0) 2 =) (32 )
_-;xz( )2 (o) =§x(x )
% 4 g(zxz 1) ()
B % A

9(x* 1) 3(x22—1) e (36—

= 8¢ + 12(x _1) ) 2(x3—x)% 16(x3—x)%

The second derivative can be simplified by
2 finding a common denominator and combining
4x° =12 .
= the fractions.

%
2 2
9(x*-1) ox  8(x-x) 3(3:7-1)
2 _ y" = 7 . —_ -
_ 4 3} 2(x3—x)A 8(x* - x) 16(x3—x)A
4,
2 3
9(x*-1) 7o 3(ox'-6x"+1)
% 3 %
25. y Xt —5x 16( ) 16(x —x)
3 3 72x* =725 = 27x* +18x%2 -3
y'= Ex -5 = 5
16()63 —x) )
= —x% =5 First Derivative 4 5
45x" —54x" -3 -
== Second Derivative
y'= e 16()63 —x) )
202
3 ,y 2
sz : 28. y=(x4+x)3
_3 Second Derivative yr= Z( e x)_% (4x3 " 1)
4x 3
The solution is continued on the next page.
26. y= X +4x
2 -y 2
=—x7+4= +4
v 3 ' 3xy
S 2Ho 2
a 9 T 9x4
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Differentiating the derivative on the previous 2 1 3
page, we find the second derivative. 3L Y= x_3+x_2 =2x 7 +x
n__ 2 4 7% 2 ' —3-1 21
yi= 3[(x wx) 7 (1202) 4 p=2(-357 ) (2027
4 -3 . . .
1 4 =—6x " —2x First Derivative
foe 3 2] o) AT
3 y"==6(-4x")=2(=3:77)
i 2 -
B 1252 (4x3 + 1) =24x7 +6x7*
-3 - 24
3 ( ot x)% 3 ( 4 x)% ==+ % Second Derivative
L X x
2( 4
2| 36x (x +x) 16x° +8x° +1 1 3 1 s
== v 7 . y=——-—=3x"-x
3 3(x4 +x)A 3(x4 +x)A xtox
- y'=—12x7 +x7
2| 20x° +28x° -1 60yt 2yt 2002
:g : - y"=60x 2x _xé 2
3 (x + x)
~40x° +56x° -2 33, y=(x*-2)(5x+1)
=—
9(x +x) y’=(x3 —2)(5)+(5x+1)(3x2) Theorem 5
=5x" —10+15x° +3x°
29. y= 3x/t —x/ 3 > . _—
A . =20x" +3x" -10 First Derivative
- 4/ 1/
y —33% —Exé y"=20(3x")+3(2x7)
_axh Ly First Derivative = 60x> +6x Second Derivative
y..:4%x%-1_%.—71x%-1 4. y=(x+3)(4x-1)
12 —
41y p'=(x7 +3)(4)+ (4x-1)(2x)
34 4 =4x? +12+8x> —2x
1 .
= 3 + P Second Derivative =12x2 -2x+12
y"=24x-2
30 y= 220 + 1
35 _ 3x+1
pr=2- D) R T
2x-3)(3)-(3x+1)(2
5 .1y y’:(x )() (x )() Theorem 6
=X X (2x-3)°
2 2
SRR 2 B Wl S/ Jbxo96xod
2 4 2 2 (2x-3)
5 -¥ 1 - _
g f- 27 ’ = % First Derivative
5 ) (2x - 3)
= g - P The solution is continued on the next page.
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Differentiating the derivative on the previous 39. y=x°—x+2x
page, we find the second derivative.
5 91 ﬂ—6 6-1 _3,31 19
(2x-3 (0)-(-11)(2(2x-37" (2)) e
- ((2 e 3)2 )2 =6x" —3x> +2 First Derivative
d? . .
Theorem 6 and Theorem 7 d—f = 6(5x5 1)— 3(2x2 1)
X
44(2x-3
= (—4) =30x* —6x Second Derivative
(2x - 3) d3
44 o S =30(4x*)-6
=— Second Derivative dx
(2x a 3) =120x° -6 Third Derivative
d'y _
2x+3 _=120(3x3 1)
36. = 4
7 5x—1 dx
' (5x—1)(2)—(2x+3)(5) =360x" Fourth Derivative
rT 5x—1)° &’y
(5x-1) € = 360(26>")
_ dx
17 -2
=—Q7>=-17 (Sx - 1) =720x Fifth Derivative
(5x-1)
o) B e
_ dy
=170(5x-1)" —=7x"~16x
170 2
__170 &y s
(5)6-1)3 ?—42)(7 -16
d3y 4
37. y= ¥ _dx3 =210x
L =57 = 5% First Derivative d 4)’ — 8403
dx ot
5 X
d’y 4-1 3 . 5
—==5(4x""")=20x Second Derivative d’y 2
dx2 ( ) E =2520x
3
4y s (3+)=60x?  Third Derivative 4°Y _<0u0
dx P
d 4)’ 2-1 ot
—r= 60(2x ) =120x  Fourth Derivative 5 ,
dx 41. f(x) =x 7 +2x/
|
38. y=x* f(x)=-3x7" +2(§x% 1)
dy 3
—=4 2 - irs
dx = —3)6_4 X % geritvative
d 2)’ 2
—-=12 " 41\, 2 2y
R ()= 35
3
e St dh e
dx
d4
d_‘): =24 The solution is continued on the next page.
X
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Continuing from the previous page: 44.

/() =12(=5x7" )_g.‘;x%—l

= 60x_6+ 27 _/ g::irri(\]/ative
@ (Y= —60(—6-6-1) 4 20 =8 5
7 (x)=~60(~6x1)+ T2
- 160 —11 oul
=360x 7 _Ex % FDerg};tive
) (1) = 360(—75~"1 )= 160 211 -
7 () =360(~7xT )25
¢ 1760 _ i
=-2520x 8 X % Eef;}ilvative
45.
f )= =
f(x)==2x7" _%ngl
-3 1 _y
=-2x"—-=x "
2
1 _
— (3oL T s
)= =2 ) S
=6x_4 +—x_%
f"'(x)=6<—4 —4—1)+l._73x_%_1 46.
4y 3y
8
7O =245 )
12050 422
16
g(x)= =3 =77 —6x+9
4-1 3-1 2-1
g 4" =3(3x7 )-7(2x" |-6
'(x)= (31)-7( ) 47.
= 4)C3 - 9x2 —14x-6 ]]:)lgitvative

g"(x)= 4(3x3‘1)—9(2x2‘1)—14

—12x% —18x 14 B ative
)= 12(26) 18

=24x-18 E)%irri?/ative
g (x)=24 Dohiative
¢ (x)=0 Derivative
g9 (x)=0 Derivative

207

)=
(x)
g"(x)=

g"(x)=360x> +48x - 24

g¥ (x)=720x+48

g(S) (x) =720

g (x)=0

g(7) (x) =0

s(t)=-10 +2t+5

a) v(t)zs’(t)=—20t+2

b) a(t)=v'(t)=s"(t)=-20

¢) Whent=1,
v(l)==20(1)+2=-182
a(l)=

After 1 second, the velocity is —18 meters
per second, and the acceleration is —20
meters per second squared.

s(t)=1 +t

a) v(t)=s'(¢)=3+1

b) a(t)=v'(t)=s"(r)=6

¢) When t=4
v(4)=3(4)" +1=49

a(4)=6(4)=24

After 4 seconds, the velocity is 49 feet per
second, and the acceleration is 24 feet per
second squared.

s(t)=3t+10
a) v(1)=s'(r)=3
b) a(t)=v'(t)=s"(r)=0
¢) When t=2

v(Z) =3

a(2)=0

After 2 hours, the velocity is 3 miles per

hour, and the acceleration is 0 miles per
hour squared.
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48.

49.

50.

51.

d) . Answers will vary. Uniform motion
means that the object is moving with a
constant velocity. Since the object’s velocity
is not changing, the object’s acceleration
will be zero.

, 1
= —_— 3
s(t)=t S+

2) ﬂﬂ:sﬁ):%—%
b) a(t)=v'(t)=s"(t)=2
c¢) When =1,

v(1)=2(1)-

" sec

2isn
2

N | =

s(t)=16¢
a) When 1=3,5(3)=16(3)’ =144.

The hammer falls 144 feet in 3 seconds.
b) v(t)=s'(t)=32t
When =3, v(3)=32(3)=96

the hammer is falling at 96 feet per second
after 3 seconds.

c) a(t) = v'(t) = S"(t) =32
When ¢ =3, a(3)=32

the hammer is accelerating at 32 feet per
second squared after 3 seconds.

s(t)=16¢

a) When 1=2,5(2)=16(2)" =64.
The bolt falls 64 feet in 2 seconds.
b) v(r)=s'(r)=32¢
Whent=2, v(2)=32(2)=64

the bolt is falling at 64 feet per second after
2 seconds.

c) a(t) = v'(t) = S"(t) =32
Whent=2, a(2)=32

the bolt is accelerating at 32 feet per second
squared after 2 seconds.

s(t)=4.905¢>

The velocity and acceleration are given by:
v(t) = s’(t) =9.81¢

a(t) = v’(t) = s"(t) =9.81

52.

53.

54.

55.

Chapter 1 Differentiation

After 2 seconds, we have
v(2)=9.81(2)=19.62

The stone is falling at 19.62 meters per second.
a(2)=9.81

The stone is accelerating at 9.81 meters per
second squared.

s(t)=4.905¢>
v(t)=s'(t)=9.811
)=v'(t)=s"(t)=981

a (t
After 3 seconds, we have
v(3)=9.81(3) =29.43
The stone is falling at 29.43 meters per second.
a(3)=9.81
The stone is accelerating at 9.81 meters per
second squared.

a) The bicyclist’s velocity is the greatest at
time ¢ = 0. The tangent line at ¢# = 0 has the
greatest slope.

b) The bicyclist’s acceleration is negative,
since the slopes of the tangent line are
decreasing with time.

a) The plane’s velocity is greater at
¢t =20 seconds. We know this because the
slope of the tangent line is greater at ¢ = 20
then it is at ¢ = 6.

b) The plane’s acceleration is positive, since
the velocity (slope of the tangent lines) is
increasing over time.

a) f '(t) =0 indicates that the rate of change

is zero so the graph will be horizontal. The
graph appears to be horizontal over the

interval 7 <z <1lor (7,11).
b) f "(t) = 0 indicates where the rate of

change of the graph is changing at a constant
rate. This appears to be the intervals

2<t<4or (2,4); T<t<llor (7,11);
13<z<150r (13,15).
¢) /"(¢)>0 indicates that the rate of change

of the graph is increasing. This occurs over
the intervals

0<r<2or (0,2);11<r<13o0r (11,13).
d f "(t) < 0 indicates that the rate of change

of the graph is decreasing. This occurs over
the interval 4 <t <7 or (4,7).
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57.

Exercise Set 1.8

d) . Answers will vary. “Sales are

increasing” mean that the rate of change of
sales are positive, that is the graph is
positively sloped. “The rate of sales is
increasing” means that sales are increasing
and increasing faster and faster, that is the
graph is positively sloped and concave up.

a) The vehicle is accelerating where the graph

is increasing at an increasing rate. This
occurs over the intervals

0<r<2or (0,2);8<r<9or (89).

b) The vehicle is decelerating where the graph

is increasing at a decreasing rate. This
occurs over the intervals

4<t<5or (4,5);11<t<130r (11,13).

¢) The vehicle is maintaining a constant

velocity when the graph is increasing at a
constant rate. This occurs on the intervals.

2<t<4or(2,4); 5<r<8or (58);

9<r<llor (9,11);13<¢ <18 or (13,18).

S(t)=2¢ = 40¢* +220¢ +160

a) §'(t)=6t> =80 +220

When t=1,
S'(1)=6(1)° —80(1)+220 =146
After 1 month, sales are increasing at 146

thousand (146,000) dollars per month.
When t=2,

§'(2) = 6(2)" —80(2)+220 = 84
After 2 month, sales are increasing at 84

thousand (84,000) dollars per month.
When ¢t =4,

S'(4)=6(4)’ —80(4)+220 = —4

After 4 months, sales are changing at a rate

of —4 thousand (—4000) dollars per month.
b) S"(t) =12¢-80

When t=1, S"(1)=12(1)-80 = —68
After 1 month, the rate of change of sales
are changing at a rate of —68 thousand
(—68, 000) dollars per month squared.
When =2,

5"(2)=12(2)-80=-56
After 2 months, the rate of change of sales
are changing at a rate of —56 thousand
(—56, 000) dollars per month squared.

¢)

209

When t=4, 5"(4)=12(4)-80=-32

After 4 months, the rate of change of sales
are changing at a rate of —32 thousand

(—32, OOO) dollars per month squared.

. Answers will vary. The first derivative
found in part (a) determined the rate at
which sales were changing ¢ months after
the product was marketed. We saw that for
the first 2 months, sales were increasing.
However, in the 4" month, sales had started
to decrease. The second derivative found in
part (b) determined how fast the rate of
change was changing. We saw that the rate
at which sales were changing was negative.
Which means that in the first two months
when sales were increasing, they were doing
so at a decreasing rate.

58. N(t)=20 -3 +2t

a)

b)

N'(t)=6t> -6t +2

When ¢=1, N'(1)=6(1)* =6(1)+2=2
After 1 day, the number of items sold was
increasing by 2 items per day.

When =2, N'(2)=6(2)" -6(2)+2 =14
After 2 days, the number of items sold was
increasing by 14 items per day.

When 1 =4, N'(4)=6(4)" —6(4)+2 =74
After 4 days, the number of items sold was
increasing by 74 items per day.
N"(t)=12t-6

When t=1, N"(1)=12(1)-6=6

After 1 day, the rate of change of the

number of items sold was increasing by 6
items per day squared.

When =2, N"(2)=12(2)-6=18
After 2 days, the rate of change of the
number of items sold was increasing by 18
items per day squared.

When t=4, N"(4)=12(4)-6=42
After 4 days, the rate of change of the

number of items sold was increasing by 42
items per day squared.

Copyright © 2016 Pearson Education, Inc.



210

c) . Answers will vary. The first derivative
found in part (a) determined the rate at
which items were sold ¢ days after the new
sales promotion was launched. The second
derivative found in part (b) determined the
rate at which the rates in part (a) where
changing. The information tells us that after
the new sales promotion was launched, the
number of items sold were increasing at a
increasing rate with respect to time.

(t) _ 2000¢
4t +75
First find the derivative of the population
function. Using the quotient rule, we have:

59. a)

p'(¢)
d (2000t
) z(m]
_ (46+75)4(2000¢) - (2000¢) 4 (42 +75)
B (4+75)
_ (42+75)(2000)—(2000¢)(4)
B (41 +75)
80007 +150,000 — 8000¢
B (40+75)
_ 150,000
(475
Next we substitute the appropriate values in
for ¢.
p(10) = 150,000 :
(4(10)+75)
150,000
T 13,225
~11.34.
, 150,000
(4(50)+75)’
150,000
" 75,625
~1.98.
'(100) = 150,000 :
(4(100)+75)
150,000
" 225,625
=~ 0.665 .

Chapter 1 Differentiation

b) First find the second derivative.
" d | 150,000
p (t) = ; 2
t\ (41+75)

= 1(150, 000 (41 + 75)‘2)
dt

= -300,000(4¢+75)" -4
_ 1,200,000
(41+75)°
Next we substitute values for ¢
1(10)=- 1,200,0003
(4(10)+75)
1,200,000
1,520,875
~~0.789 .
1,200,000
(4(50)+75)
1,200,000
£ 20,796,875
~—0.0577 .
1,200,000
(4(100)+75)’
1,200,000
107,171,875

=-0.0112.

c) . The population of deer is increasing but
at a decreasing rate. The growth of the deer
population will eventually find a stable
population around 500 deer.

"

p"(50)=-

p"(100)=—

2.5t
60. a) p(t)=t2

p'(1)

e

(ﬂ Jrl)%(z.St)—(z.St)%(t2 +1)
(t2 +1)2

(2.5 +2.5)-(5)

(t2 +1)2
=252 425
()

The solution is continued on the next page.

+1

Copyright © 2016 Pearson Education, Inc.



Exercise Set 1.8 211

Next we substitute the appropriate values in 1 |
for ¢ into the derivative found on the 61. y= m = (1 - x)
previous page. X P ) g
(09) -2.5(0.5)" +2.5 =-1(1=x) " (-1) =1(1-x)
p\Vo)=—"""5— —2- -
(057 +1) y 2= (=202
" 31 -4
“12. y"=2(=3)(1-x) " (-1)=6(1-x)
) Therefore,
1) -2.5(1)" +2.5 p
p = 5 > ym_ Z
(0 +1) (1-x)
=0.
1 -
-25(5) +2.5 62. y= =(2x+1)"
»'(5)= (%) : y NIl ( X )
() +1) R
y'=—(2x+1) : (2)
=—0.888. _y
Lo -25(30) +2.5 =—(2x+1) "
p'(30)=————— e
(30)* +1) yr==— (2 ) (2)
=~—0.0028 . =3(2x+1)7
b) First find the second derivative. 5
m — _52_1
o422 52425 7 :3(7)(2”1) o)
pn(t —_ - N :
di () =—15(2x+1) "
5815 ___ b -
(12 B 1)3 (2x+1)"
Substitute the ap};ropriate values in for 7. P Jx+1 x %4
7(0.5)= 5(0.5) —15(2.5) _ 350 ol
2
(0.5 +1) (" —1)()%)-(% “)(I’C%J
5(1)° -15(1 y'= )
pn(1)= () 3)=_1 25 (xA_l)z
()7 +1) Ll 11
X LI/ Sy
w5y 36) ~15(5) =22 22
p"(5)= 5 ~0.031. (x%_l)
((5) +1
-%
—x
5(30)* ~15(30 =
p"(30)= L(})z 0.00018 . (x% _1)2

<)

((30)” +1)

\.The medication initially increases,
however it quickly begins to decrease at an
increasing rate. The amount of medicine in
the bloodstream will eventually be
negligible.

We find the second derivative on the next page.
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Chapter 1 Differentiation

Using the information from the previous page, Simplifying, we have:
we find the second derivative. x=2
AR R IS | BN e 2(x-1)"
(x 1) (zx ) ( x )|:2(x l)zx } y,:&
! x—1
((x%_l)) _ x2
1 i 2(x-1)"
AW -1 N
—x 2 (x2-1) +x [(x? -1 4 3 %
il i B ) ORI R0
(+-1) =3 T
] 1 3 ] ((x_l)é)
(xé —1)(2X_A (xA —1)+x_1) 1 3
; ) -3 (6-2)|
(x%—l) =5 3
2 (x=1)
LIV S A
X x ?+x 3
2 2 1 x—1-—x+3
%—])3 =5 25
(x 2 (x—l)A
3 401 3
33 ) 2y
(x%—l)3 2 (x—l)%
ERE L
2x  2x” = 47
(- 1)3 (x-1)"
ﬁ_i 65. yzxk
Zx/lI 2xf Ay _ ke
(xé—l) dx
2
3x/% -1 %_k(k—l) k=2
X
Zx% (x% - 1)3 d3y 3
ﬁzk(k—l)(k—z)x
__x ¥ d'y -
Y= (e-1) Cbc—4:k(k—1)(k—2)(k—3)xk !
1 —1 5
(x-1)" (1)—x(;(x—1) 4(1)) L2 o (1) (k-2 -3) - 4)
' X
y = 2
((X_I)A) 66 3 2
. y=ax +bx" +cx+d
v X d
x—=1)2 - : ay _ 2
_( ) 2(x—1)A dx—3ax +2bx+c
B x—1 2y
2(x_1) . ?=6ax+2b
WV o (1) 3
=2(x 1) 2(x-1) d—§/=6a
x—1 x

The derivative is simplified at the top of the
next column.
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.
(2 2= (=1)(1)
d ( ) (x+ 2)2
B
(x + 2)2
. oy 3 4272 <o
Notice, f'(x)= (x+2)2 =3(x+2)" so,
£'(@)=3(=2)(x+2)"7-()
= —6(x+2)73 6.
__ 6
(x + 2)3
Notice, f"(x)=- o +62)3 =—6(x+ 2)’3 so,
SM(x)=-6(=3)(x+2)"" (1)
=18(x+2)™
__ 18 70.
(x + 2)4
Notice, f"(x)= B 182)4 =18(x+ 2)_4 s,
7 (x)=18(=4) (x+2) (1)
=-72(x+2)"
__ 72
(x + 2)5
1=
()2 F=2) )= (x+3)(1)
d ( ) (x— 2)2
-5 2
" (x-2) =0=2)
£M(x)=-5(=2)(x-2)" (1)
=10(x-2)"
_ 10 71.
(o)

213

Consider the function s () = 4.905¢>. We find
the first and second derivatives.

s'(t) = 4.905 (20" ) = 9.81¢

s" (t) =9.81

The second derivative, s "(l) =0.81, represents

acceleration due to gravity on Earth which is
9.81 meters per second squared.

a) 5(2)=081(2)° =3.24
The object has fallen 3.24 meters after 2
seconds.

b) To determine the speed, we find the first
derivative of the position function, which is
s'(t)=1.62t.

Therefore,

5'(2)=1.62(2)=3.24.

The object is traveling at 3.24 meters per
second after 2 seconds.

¢) To determine the acceleration, we find the
second derivative of the position function,
which is:
s"(£)=1.62.

The object is accelerating at 1.62 meters per
second squared.

d) The second derivative represents the
acceleration due to gravity on the moon. It is
a constant 1.62 —— .

S602

. Answers will vary. 2 seconds is impossible,
the top high jumpers clear about 2 meters in
height. So it is possible for a human to have
a “hang time” of 1 second, maybe even 1.5
seconds.

Copyright © 2016 Pearson Education, Inc.



214

72.

73.

74.

75.

76.

First we must find out how long it took to fall
28 ft. Solving the equation

s(t)=28
162 =28
* =175
t=%1.3229
We find out it took about 1.3229 seconds to fall
to the ramp.

Next, we find the velocity function which is the
first derivative of the position function. The first
derivative is

s'(t)=32t.
Substituting 1.3229 in for ¢, we have
5'(1.32) =32(1.3229) = 42.33

Danny Way was traveling around 42.33 feet per
second when he touched down on the ramp.

a) Graph I matches the description.
b) Graph IV matches the description.
¢) Graph I matches the description.
d) Graph III matches the description.

. Answers will vary.

We verify the expression yields an
indeterminate form by substitution:

=25 (5)-25
1m =
—52x-10  2(5)-10

This is an indeterminate form.

We now apply L’Hopital’s Rule to find the
limit. By taking the derivative of the numerator
and denominator separately we have:

2
. x2-25 %(x _25)
lim =lim| ——=
x—52x=10  x-5| 4(2x-10)
. (ij
=lim| —
x—5\ 2
= lim (x)
x—5
=5. Substitution

We verify the expression yields an
indeterminate form by substitution:

X’ -4 (—2)2 -4 0
m = =—.
=2 x+2  (<2)+2 0

This is an indeterminate form.

77.

78.

79.

Chapter 1 Differentiation

We now apply L’Hopital’s Rule to find the
limit.

X2 -4 . 2x
lim = lim | —
=2 x+2 x—=201

=4,

We verify the expression yields an
indeterminate form by substitution:

P +2:-3 (1) +2(1)-3

(1) -1

lim 3
=1 x“ =1

This is an indeterminate form.

We now apply L Hopital’s Rule to find the
limit. By taking the derivative of the numerator
and denominator separately we have:

¥ +2x-3 _lim %(x3+2x—3)

Substitution

We verify the expression yields an
indeterminate form by substitution:

- X -x-24 (3) -(3)-24 0
@r-9 O
This is an indeterminate form.

We now apply L’Hépital’s Rule to find the
limit.

x—3 x2 — 9

We verify the expression yields an
indeterminate form by substitution:

x* =9 (—3)2 -9
m =
-3 x+3  (-3)+3
_0
0

This is an indeterminate form.
The solution is continued on the next page.
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We now apply L’Hopital’s Rule to find the
limit. By taking the derivative of the numerator
and denominator on the previous page
separately we have:

lim -9 %(xz _9)

x=-3 x+3 x—-3

Il
=
g
&
VR
Ne— —

Il
5.

Il
N
|
W
S—" —

Substitution

We verify the expression yields an
indeterminate form by substitution:

Pax-12 (4 =(4)-12 0
4 x+4  (-4)+4 0

This is an indeterminate form.
We now apply L Hopital’s Rule to find the
limit.

o oxP+x-12 0 (2x+1
Iim ——— = lim
x—=-4 x+4 x——4 1

=-7.

We verify the expression yields an
indeterminate form by substitution:

X +5x-18 _(2)' +5(2)-18
x—2 2x2 -8 2(2)2 -8

This is an indeterminate form.

We now apply L’Hopital’s Rule to find the
limit. By taking the derivative of the numerator
and denominator separately we have:

X +5x—18 %(x3+5x—18)
lim = lim
=2 2x* -8  xo2 i(2x2_g)
dx
. (3)62 + 5]
= lim
x—2 4x
32 +5 L
=—-—~-——  Substitution
4(2)
17

82.

83.

84.

215

We verify the expression yields an
indeterminate form by substitution:

¥ +x=110 _(10) +(10)=110 0
(10)-10 0
This is an indeterminate form.

We now apply L’ Hoépital’s Rule to find the
limit.

lim
x—10 x—10

. oxP4x—=110 . (2x+1

lim ——— = lim

x—=10 x-10 x—10 1
=21.

We verify the expression yields an
indeterminate form by substitution:
. 4% +x-3 oo
lim ————=—.
x—=e 2x7 +1 oo
This is an indeterminate form.
We now apply L’ Hoépital’s Rule to find the
limit. By taking the derivative of the numerator
and denominator separately we have:

fim 47 +x-3 im %(4)52'”5_3)
s X% 4] woe £ (207 41)

. [ 8x+1 j
= lim
x>\ 4x
==z Substitution

This is still indeterminate so we apply
L’Hépital’s Rule again.

o 4Ax?+x-3 . 8x+1
lim — = lim
x—eo 2x° 41 x—eo\  4x

We verify the expression yields an
indeterminate form by substitution:

. 3 +x+11 oo
hm 3— =—.
x=ee Ox° +x+2
This is an indeterminate form.
We now apply L Hopital’s Rule to find the
limit.
C 3 +x+11 . 9x? +1 oo
lim —— = lim 3 =—.
¥ Ox” +x+2 x| 18x7 +1 ©o

This is still an indeterminate form.

The solution is continued on the next page.
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85.

86.

87.

We now apply L’Hopital’s Rule two more
times.

3¢ +x+11 i 9x” +1
18x% +1

lim 3 =1
e 67 +x+2 xoe

s(t)=0.1 -2 +04;  [-5,5]

From the graph we see that v(t) switches at
t=-1.29 and r =1.29.

s(t)=-£+3;  [-3,3]

]
1 ¢
) \
! \
\
1 a |\

-3
From the graph we see that v(t) switches at
t=0.

s(t)=t*+0 -4 -2t +4;  [-3,3]

From the graph we see that v(t) switches at
t=0.604 and t = —1.104.

Chapter 1 Differentiation

88. s(t)=r-3+2;  [-2,4]

3
\ al vl |[s
I
\ !
\ !
2 L 1 '. 1 J 4
\ /
/ \ /
\
-/
-3
From the graph we see thatv(t) switches at

t=1.
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